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THE ASYMPTOTIC SOLUTIONS OF ORDINARY 
LINEAR DIFFERENTIAL EQUATIONS OF THE 
SECOND ORDER, WITH SPECIAL REFER- 
ENCE TO THE STOKES PHENOMENON? 


BY R. E. LANGER 


1. Introduction. From the title of my address you will already 
have observed that it is my intention to discuss with you the 
asymptotic representation of the solutions of certain differ- 
ential equations, and that my point in doing this is largely to 
dwell upon the Stokes phenomenon which arises in that theory. 
There are at least two good reasons why I have chosen to do 
this. Firstly, the subject seems to me to have mathematical 
features of distinct interest and perhaps of importance, and, sec- 
ondly, it has risen during the last dozen years to a position of 
importance in theoretical physics, both of the more classical 
type and of the modern quantum mechanics. The instance is 
indeed one in which the development of mathematics has not 
merely been hastened by the spur of the needs of growing 
physical theory, but in which investigators primarily or at 
least prominently identified as physicists have turned aside to 
mathematical deductions to fill their own needs. 

The Stokes phenomenon is named after its discoverer, the 
British mathematician and physicist, Sir G. G. Stokes. He was 
confronted by its manifestation in his study of the Bessel func- 
tions, and that it held puzzlement and difficulty for him he 
was not loath to acknowledge. With your permission I should, 
indeed, like to read you an abstract from a letter which he 
wrote at the time, as you will conclude, to a certain young 
lady :{ London, March 19/57. “When the cat’s away the mice 
may play. You are the cat and I am the poor little mouse. I 
have been doing what I guess you won’t let me do when we are 
married, sitting up till 3 o’clock in the morning fighting hard 
against a mathematical difficulty. Some years ago I attacked an 
integral of Airy’s, and after a severe trial reduced it to a readily 
calculable form. But there was one difficulty about it which, 


¢ A symposium lecture delivered by invitation of the program committee 
at the meeting of the Society at Chicago, April 6, 1934. 

t Sir George Gabriel Stokes, Memoirs and Scientific Correspondence, Cam- 
bridge, 1907, vol. 1, p. 62. 
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though I tried till I almost made myself ill, I could not get over, 
and at last I had to give it up and profess myself unable to 
master it. I took it up again a few days ago, and after two or 
three days’ fight, the last of which I sat up till 3, I at last 
mastered it. - --” A decade later the phenomenon was ob- 
served, again in connection with the Bessel functions, by Han- 
kel, who speaks of his investigations as having led to “peculiar 
results which might perhaps serve as a basis for a general theory 
of semi-convergent series,” those remarkable developments 
whose true nature was almost entirely unknown.f 


2. The Sturm-Liouville Equation. Let me, to begin with, write 
down the partial differential equation 


—4 k(x) — g(x)T = p(x) 
Ox P ot 

which controls the temperature T in the flow of heat along a 
slender rod in the direction x with time ¢. The coefficients k, 
p, and gq are all essentially positive functions, determined by the 
physical characteristics of the rod and the surrounding medium. 
A familiar mode of procedure toward solving the equation is to 
substitute 


T = f(t)u(x), 


whereupon the equation decomposes into the form 


d du 
=) — qu 
_ dx\ dx 


f(t) pu 


In this the left member is a function of ¢ alone and the right 
member is a function of x alone, and the equality therefore im- 
plies that each is independent of both x and #¢, say is equal to a 
quantity —)*. I am not interested in the equation in ¢. The 
equation for the component u(x) is, however, of the form 


+ {d*p(x) — g(x)}u = 0, 


1 H. Hankel, Die Cylinderfunktionen erster und zweiter Art, Mathematische 
Annalen, vol. 1 (1869), p. 467. 
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in which )? is independent of x, but may be regarded as a pa- 
rameter variable in its own right. The equation (1) is known as 
the differential equation of the Sturm-Liouville type, in recog- 
nition of the fundamental work done in connection with it by 
Sturm and Liouville about a century ago. It arises in the mathe- 
matical formulation of classical physical problems of such great 
diversity as the flow of heat, the vibrations of strings and mem- 
branes, the oscillations of rods and beams, the diffusion of sub- 
stances through each other, the distribution of electrical po- 
tentials and current densities, the turbulent motions of fluids, 
the tides, etc. Mathematically it is the type equation which 
includes as special cases the differential equations of such stand- 
ard functions as the trigonometric functions, the Bessel func- 
tions, the Legendre functions, the polynomials of Hermite, 
Tchebycheff, and Laguerre, certain confluent hypergeometric 
functions, the functions of Mathieu, and many others. Much 
more recently it has come into renewed prominence among the 
physicists as a type of the Schrédinger wave equation in the 
theory of quantum mechanics. 

It is natural under these circumstances that much study has 
been given to the equation in the course of a century, with the 
result that in its present form its theory includes among others 
such beautiful chapters as those on the oscillation and com- 
parison of solutions, the boundary problems, the expansion of 
arbitrary functions in series of solutions, the asymptotic forms 
of the solutions for large complex values of the variable, and the 
asymptotic dependence of the solutions upon the parameter A. 
It is to the last two of these, and more particularly to the last 
one, to which I shall confine my considerations. 

If in the form (1) the coefficient k(x) is not zero on a given 
interval, and admits a second derivative, a familiar change of 
dependent variable reduces the equation to the form 


(2) + — x(x)}u = 0. 


In this ¢? and )? are written in place of ¢ and \ only as a matter 
of convenience. There is no presumption that these quantities 
are positive; indeed, for many considerations they need not 
even be real. The form (2) has the advantage of great simplicity 
and will, therefore, be made the immediate basis of our dis- 
cussion. 
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To avoid a dissipation of time upon matters which are after 
all of rather a secondary interest, I shall assume henceforth 
that where the equation (2) is to be considered its coefficients 
are continuous and, in fact, differentiable to whatever order 
may be required. To keep the discussion within proper bounds I 
shall have to confine myself very largely to real values of x 
and A, and when doing so I shall suppose X positive and shall 
refer to the range of values which x may take on as the interval 
ax<x<b. It is to be understood, however, that unless the con- 
trary is stated the possibilities a= — ©, or b= + ©, or both, are 
not excluded. 


3. The Asymptotic Solutions when $?(x) is Bounded From Zero. 
If 6?(x) is real and is bounded from zero on (a, b), we may define 
the root ¢(x) so that ¢/ Ip | is either 1 or 7 according as ¢? is 
positive or negative. The change of variables 


t= ~ dx, v=|¢(x)|*u, ip = 


in which x and * may be any constants with respect to x, re- 
duces the differential equation to the simple form 

d*v 0 
(3) + wi(t)jv = 0, 


with the variable ¢ ranging over an interval (¢,, &) and with 


2 ” 12 

Now when |p| is very large the first of the two terms p? and 
w,(¢) greatly overshadows the second and effectively minimizes 
its influence. Since in the complete absence of w;(#) the equation 
would be solved by the functions e**', the suggestion is evidently 
compelling that the equation as it stands may be solvable, at 
least approximately, by an expression 


Vi, p) er'S(t, p) ’ 
with S some polynomial in 1/p, say 


S(t, p) =1+ 


p” 


p 
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This expression is found directly to satisfy a differential equa- 
tion 


+ wilt) + = 0, 


in which 9 is explicitly the sum of terms 


j=2 pr! p” 


and this conclusion follows irrespective of what the coefficients 
a;(t) may be. It is at once clear, however, that with such coeffi- 
cients as fulfill the relations 


1 1 ” 
(4) ai a; aj-1), G 2; 3, n), 


all terms of 0 but the last vanish. Now the successive deter- 
mination of functions a;(¢) which do satisfy the relations (4) in- 
volves at each step at most a quadratureand is therefore a matter 
of no theoretical difficulty, at least if w;(¢) is absolutely inte- 
grable over (t,, #). This condition is surely fulfilled if the inter- 
val is finite. It is seen thus how a form V, may be constructed to 
solve a differential equation 


an! — 
Vie’ — 4p? + wilt) + ——— 7 = 0,7 
Sp” 


and since this equation resembles the equation (3) and does so 
the more closely the larger m and |p | are taken, the presumption 
becomes strong that, with V,(t, p) determined as indicated, 
the latter is an asymptotic representation of a true solution of 
the equation (3). Inasmuch as this latter equation depends only 
on p?, the same might naturally be expected also of the form 
V,(t, —p). With proper adjustments these facts can indeed be 
shown.f I shall, however, omit a proof at this point, particu- 


tJ. Horn, Ueber eine lineare Differentialgleichung zweiter Ordnung mit 
einem willkiirlichen Parameter, Mathematische Annalen, vol. 52 (1899), p. 271, 
and other papers by this author of about this date. G. D. Birkhoff, On the 
asymptotic character of the solutions of certain linear differential equations contain- 
ing a parameter, Transactions of this Society, vol. 9 (1908), p. 219. O. Blumen- 
thal, Ueber asymptotische Integration linearer Differentiaigleichungen, etc., 
Archiv der Mathematik und Physik, vol. 19 (1912), p. 136. 
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larly as 1 shall later sketch out considerations in which such a 
proof is effectively included. 

The facts to be noted are that under the conditions assumed 
a pair of solutions v,(¢) of the equation (3) exist which fulfill a 
set of relations 


with K some constant and ¢ ranging over the interval (¢., &), or, 


to summarize in terms of the original variables: 
If 6?(x) is bounded from zero on (a, b) and the integral 


converges, then the equation (2) has a pair of solutions u+(x), 
which over the interval (a, b) have the forms 


xo” 39" 


(6) 
Bn(x%) + €+(x, d) 


When ¢?<0 on (a, 6b), the forms (6), with »=1, show that 
there are solutions representable by the formulas 


1 
| [1/2 


(7a) = + O(1/(Kd))}. 


On the other hand, if ¢?>0, a suitable combination of these 
forms yields the representation 


< rites f ‘edz + 7) + 


in which y may be any constant. The symbol O(1/(«A)) stands 
in each case for a function of x and X which on (a, D) is uni- 
formly of the order of 1/(«X) when xd is sufficiently large. 

I have supposed in this statement and throughout that » 
has been taken real and positive. The formal work needs no 
modification when it is thought of as complex. The proof, how- 
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ever, requires that the quantity \i/+¢dx remain in either a right 
or a left hand half of the complex plane. A representation (6) is, 
to be sure, obtained in either case, but the question of the 
relation between the solutions u which are involved in the two 
cases is left open. 

I need perhaps hardly remark that once the forms (6) are 
known the change of variables used above need no longer be 
taken into account. The coefficients B;(x) may be successively 
determined by substitution of the forms directly into the equa- 
tion (2). 

It may at this point be appropriate for me to outline also a 
variation of the procedure above. You will, however, recognize 
it as of only formal and minor significance. If a solution of the 
equation (2) is assumed in the form 


=z 
u(x) = daz 


there results for o the Riccatti equation 


=0 


and if o is taken as a series in 1/)X, that is, 


o;(x) 
a(x, d) = 


the differential equation becomes 


1 1 
(op? + 6?) + (20109 + o¢) + (20200 + of + — x) 


By choosing the coefficients o;(x) so as to make the individual 
terms zero, that is, 


o= + o2 = —— (of + of —x), 
200 
(8) 
1 


200 n=1 


| 


1 7 


552 R. E. LANGER [August, 


where j=3, 4, - - - , the equation is formally solved. This form 
of proceduref is in some vogue among the physicists, to 
whom it is known as part of the so called “Wentzel, Kramers, 
Brillouin,” (W.K.B.), method. I shall have occasion to refer to 
this further. 

The formulas (6) each include a function which has been 
designated by e, and which is not specified beyond the state- 
ment that it approaches zero as x becomes infinite. The presence 
of these terms represents, therefore, a certain degree of vague- 
ness in the formulas. This is a general characteristic of 
asymptotic representations and is not to be neglected, for to 
do so may easily lead into an utter misuse of the formulas. In 
most actual cases more precise analysis may be made to yield 
specific bounds for the magnitudes of the € terms. With such 
bounds at hand and with a definite margin of permissible error 
given, the condition that the vagueness fall within the allowed 
margin must be looked upon as fixing a lower bound, say N, to 
the values of «xX for which the formulas may be used. In any 
application of them it must then be regarded as a tacit hy- 
pothesis that |«A|2N. 


4. Consideration of a Point where $*(x) is Zero. Let us suppose 
now that at a point of the x axis, say at xo, the function ¢?(x) be- 
comes zero, and to fix the ideas let us suppose that the zero is 
a simple one and that ¢? changes from negative to positive with 
increasing x. Then in any fixed closed interval on the left of 
but not including x» there are solutions represented by the forms 
(7a) when kA is large. Every solution is therefore represented by 
some linear combination of these forms, with coefficients which 
are free from x, and so the solutions are to be characterized as 
of an exponential type. On the other hand, in any closed fixed 
interval on the right of and not including xo, every solution is 
represented by a formula (7b) and so is of an oscillatory type. 
I wish for a moment to focus the attention upon such an in- 
terval, let us say for definiteness one on the right of xo, with a 
view toward determining how large the interval (xo, a) must be 
in order that the forms may be valid for x 2a. 

The deductions of §3 were built upon the assumption that 


+ G. Wentzel, Eine Verallgemeinerung der Quantenbedingungen fiir die 
Zwecke der Wellenmechanik, Zeitschrift fiir Physik, vol. 38 (1926), p. 518. 
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lp | was sufficiently large to bring the vagueness of the resulting 

forms within the admissible bounds of error. The symbols * and 
k remained unspecified except that they were to be constant. 
Let us choose these values now as 


* = X, c= f lolas. 
Zo 


The point ¢, then remains fixed independently of the value a, 
the reasoning used in §3 applies, and the forms (6) are deduci- 
ble. Thus the condition under which these forms suitably repre- 
sent solutions is that \f%, |p |dx be sufficiently large, and this 
clearly permits the point a to be taken closer and closer to xo 
as X is taken larger and larger. Since the value of £, where 


(9) 


increases numerically as x recedes in either direction from 
Xo, it follows that the forms (6) or (7) are usable in intervals in 
which |£| >. I have, of course, assumed here that the intervals 
are ones on which ¢? is bounded from zero except near Xo. 

With a value of N prescribed, the relation |¢ | = N defines two 
points, say x_y <x» and xy >». As we have seen, these points 
depend upon X and approach xo as 1/A approaches zero. The 
interval (x_y, xy) thus separates any one in which a solution is 
described by a combination of the forms (7a) from one in which 
it is of the form (7b), and hence in this interval the transition 
of a solution from the exponential to the oscillatory type takes 
place. That no information as to the mode of this transition is 
likely to be obtainable from the forms (7) themselves becomes 
immediately evident when it is observed that without exception 
these forms become infinite as x» is approached. The differ- 
ential equation satisfied by their leading terms is found directly 
to be 


(10) + by 0 
2p? J = 
26 46? 


and this, unlike the equation (2), has a singularity at the point 
Xo. The interval (x_y, xy) is, therefore, evidently one in which 
no actual resemblance between the differential equations exists 
to be built upon. 
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It might still seem conceivable that by a passage through 
complex values encircling the point x» the representation valid 
for x >xy might be found to serve also for x <x_y. Such expecta- 
tions are shaken, however, when it is observed that if ¢? is 
analytic the same is true of the solutions u(x), whereas the forms 
(6) fail even to be single-valued in the region about Xo. 


5. The Stokes Phenomenon in the Theory of the Bessel Func- 
tions. The differential equation for the Bessel functions J,(€), 
considered in the complex & plane, has two singular points 
located respectively at £=0 and £=©. For large values of \¢ | 
asymptotic forms for these functions have been deduced, gener- 
ally through the medium of contour integral solutions of the 
equation, and when arg £ is fixed, the functions are accordingly 
known to be represented by formulas 


1 1 | 
(11) J +,(é) + Cree 


where P denotes a formal power series with initial term 1, and 
the coefficients are appropriate constants. 

Now if the constants C are determined so that the formulas 
are correct, let us say for real positive values of £, then they will 
in general not be correct when & is negative. More generally 
speaking, if arg£ is allowed to vary, say to increase steadily, 
then it is found that ever and anon the formulas theretofore 
valid cease to remain so, and that to retain them, the coeffi- 
cients Ci; or Cs must be changed. This is the Stokes phenom- 
enon, and, as I have already indicated, its initial comprehen- 
sion was not without difficulty. The functions on the left of 
formulas (11) are after all continuous in arg £, whereas any 
change of a coefficient upon the right has every appearance of a 
discontinuous change in that member of the relation. 

The explanation of the anomaly is nevertheless simple. To 
begin with, it may be observed that when lE | is large the 
numerical value of e* varies alternately between the large and 
the very small as arg£ continues to increase. The dominance in 
the expression (11), therefore, passes alternately from the one 
term to the other. From here on I cannot do better than to 
quote directly from Stokes to the following effect: “The way in 


t G. N. Watson, A Treatise on the Theory of Bessel Functions, 1922, p. 202. 
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which the paradox - - - is explained is this. A semiconvergent 
series (considered numerically, and apart from its analytic 
form) defines a function only subject to a certain amount of 
vagueness which is so much the smaller as the modulus of the 
variable - - - is larger. - - - For critical values of 6[that is, arg £] 
the vagueness of the superior function becomes sufficient to swal- 
low up the inferior function. As @ passes through the critical val- 
ue the inferior term enters as it were into a mist, is hidden for 
a little from view, and comes out with its coefficient changed.” 

It is evident at once that the first term in formulas (11) over- 
shadows the second in the lower half-plane, and that the con- 
verse is true in the upper half-plane. We may think, therefore, of 
certain lines extending from the origin to ©, one in each upper 
and lower half-plane, in crossing which the coefficients are to be 
changed. I shall refer to them as Stokes’ lines. The precise loca- 
tion of such a line is never a matter of importance, since the term 
which is overshadowed remains so in a sector of which the axis 
of imaginaries is the bisector and which may be anything 
definitely less than m7 in magnitude. 

Finally, I shall record for subsequent use two sets of constants 
which are appropriate to the formulas (11) when v=1/3, 
namely, 


+1 eri 1/6) | = | (- r< arg ™); 


(11a) 
Cay = = < arg < 


6. A Particular Differential Equation. Perhaps the simplest 
equation of the type (2) in which ¢?(x) has a zero, is the differ- 
ential equation 


(12) y’ + = 0. 


It is explicitly solved by the functions 


2 


Its study, because of this, involves a minimum of difficulties 
with a maximum of explicitness, which accounts largely for the 
fact that the equation has come to play a rather central role 
in the general theory. I shall devote the present section to a dis- 
cussion of it. 
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If 7 is constant with respect to x, and is arbitrary except that 
it is restricted to the range —27/2<n<X7/2, the formula 


y_(x) cos(= = 
3 3 


+ cos (= + Juno} 


in which WV =(2/3)"/6, gives, except for a constant factor, the 
general solution of the differential equation. When x is real and 
positive the same is true of £; while negative values of x, say 
arg x=7, yield values of £ for which arg £=3z2/2, namely, i£ 
= |t|. The first and second of the sets of coefficients (11a) are, 
therefore, to be associated respectively with the positive and 
negative values of x in the applications of the formulas (11). 
In the case at hand, that is, of equation (12), the point xo is the 
origin and the points at which | = WN are =(3N/(2A) 

From the formulas (11), the asymptotic representations of 
y,(x) are found to be as follows: when x <x_v, 


1 1 


cos 9 1 
2 | 
and when x=<xy, 


1 1 
(14b) y,(x) = + +0(—)} 


and these involve a number of features which are worth noting. 
To begin with, it is clear from (14a) that as x—>— ©, and hence 
¢|++., the solutions with just one exception become in- 
finite. The exceptional one is that for which 7 =0, that is, yo(x), 
and this approaches the limit zero. It is the only solution which 
is bounded for all values of x. 

Like all asymptotic representations the formulas (14) involve 
an element of vagueness in the presence of the terms designated 
by O(1/£). These terms are largest at the point x_y or xy, as the 
case may be, and if the formulas are to be taken as specific or 


(14) 


(14a) 


= 
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explicit to a high degree, and this is indeed a tacit assumption 
when only the leading terms are explicitly written down, then 
it may be inferred that N is large and the terms O(1/£) so small 
whenever |¢|>N that they are for most purposes negligible. 

Let us consider the case in which 70 and is such that at 
some point x_7, where x_r <x_y, the relation 


1 
(15) 


is fulfilled. Then at this point the explicit parts of the two terms 
in formula (14a) are equal. As x moves thence to the right, the 
second term rises rapidly to dominance and its margin of vague- 
ness soon swallows up the first term entirely. As x moves to the 
left, on the other hand, the second term rapidly diminishes and 
is soon submerged in the margin of vagueness of the dominant 
first term. With the possible exception of the immediate neigh- 
borhood of the point x_7, the graph of the solution accordingly 
falls when x <x_r7, and rises on the interval x_7<x<x_y. The 
subscript T was chosen to suggest x_; as such a point of transi- 
tion. 

An interval (x_7, x_w) evidently exists only if 7 is small 
enough to satisfy a relation (15), that is, if 7 <0, where 


1 
(15a) tan yo = rite 


If we agree to think of x_r as coincident with x_y when 72 po, 
and likewise to think of x_7 as — © when 7=0, the description 
of the solutions given in (14a) and (14b) may be recast into the 
form 


(16a) y,(x) = ——— {1 + o(1/| )}, when x < x7, 


os 7 


(16b) y,(x) = 2) 


+ O(1/| )}, 


1 + O(1/é? 
(160) = cos (¢- = +1 +00/2), 


when x = “y. 
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The formula (16c) is readily identified as equivalent to (14b). 
I have written ¢'? in place of x!/*, inasmuch as the equation (12) 
is of the type (2) with ¢? =x. 

It is of some interest to note the inferences which can be 
drawn, especially with regard to the phase constant n, from the 
mere existence of representations identifiable with the ones thus 
given. 

INFERENCE 1. If a solution y(x) is of the form (16b) for all 
x<x_y, then 7=0. 

INFERENCE 2. If a solution y(x) is of the form (16b) in some 
interval adjacent to x_y, then 7 <7. 

INFERENCE 3. If a solution y(x) is of the form (16a) for 
then => No- 


INFERENCE 4. Since by taking x sufficiently large the margin 
of vagueness of formula (16c) may be reduced to any degree, 
a representation (16c) determines 7 and therefore the appropri- 
ate corresponding representations (16a) and (16b). 


The differential equation 
(17) + = 0, 


which is more general than (12), is likewise explicitly solvable, 
namely, by the functions 


2 
(17a) ys = with 
yv+2 


A discussion of it proceeds in a manner similar to that of equa- 
tion (12) which has been given, and may be made the basis of 
the deductions concerning the general equation (2) when ¢?(x) 
becomes zero to the degree v. The index v need not be an integer, 
but may be any real non-negative constant. In particular, the 
case vy =0 is that in which ¢? is always of the same sign. 


7. The Method of Jeffreys and Kramers. The first attack upon 
the equation (2) with x ranging over an interval upon which 
¢?(x) has a zero was made, so far as I know, by Jeffreys in 1923.f 


t H. Jeffreys, On certain approximate solutions of linear differential equations 
of the second order, Proceedings of the London Mathematical Society, (2), vol. 
23 (1923), p. 428. 


= 
= 
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He was led to it in an investigation of the oscillations of surfaces 
of water, his particular problem leading to the Mathieu equa- 
tion 


ul’ + (R — 2h? cos 2x)u = 0. 


When | R| <2h?, and x is on a suitable interval, this is evidently 
an equation of the type(2). I shall sketch out Jeffreys’ procedure, 
which he restricts to the case in which the zero of ¢?(x) is simple 
and in which x(x) =0, that is, to the equation 


(2a) + = 0. 


There is no objection to taking the origin at the zero of ¢?, 
nor to supposing that the positive x direction is chosen so that ¢? 
has always the same sign as x. Finally, the slope of ¢?(x) at 
the origin may be taken as unity since this merely fixes the 
specification of \*. It is to be made a hypothesis now that in a 
neighborhood of the origin the function ¢?(x) is represented with 
sufficient accuracy by a linear function. With the normalization 
agreed upon above this linear function will, of course, be x it- 
self, and for small values of x we have £ =df*$(x)dx =(2/3)dx??, 
approximately. At the same time the differential equation (2a) 
is approximated by the equation (12) of §6, namely, 


(12) + Nay = 0. 


Now when x is negative and sufficiently large the solutions of 
both the equations (2a) and (12) are asymptotically represent- 
able, as is shown by the formulas (7a) and (16). We are led, 
therefore, to write 


u(x) ~ 2y9(x), 


(18a) 


u4(x) | 


approx 


1é1 9(2/3)A| z13/2 
approx [ ~ 2yx16(x). 


On the other hand, when the origin has been traversed and x 
is sufficiently removed therefrom on the positive side, the 
formulas (16c) and (7b) lead to 


= 
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2 2 eed 
2¥0(x) ~ cos — 


2 
approx 41/2 cos (: =) ~ 2uza(x), 
(18b) 


2 
Approx g1/2 cos (« =) 2uz/12(x). 


The sequence of relations (18a) through (18b) is taken to supply 
the linear connections between the solutions of the formulas 
(7a) and (7b). These connections Jeffreys indicates in the form 


1 2 


where, to quote him: “the sign «——> is used to indicate that 
the functions it connects are asymptotic approximations to 
the same function in different circumstances.” 

The method seems to me to be very simple and ingenious. 
There are, however, a number of points involved in it which will 
bear discussion. To begin with, the proper use of the symbol 
~ is inevitably accompanied by the tacit assumption that x is 
sufficiently removed from the origin, that is, to resort to our ear- 
lier notation, that x <x_y orx2xy. The interval to be shunned, 
namely (x_y, xw), depends in length upon the magnitude of 
the permitted margin of vagueness in the representations, and 
is to be shortened only at the expense of precision. As against 
this, the proper use of the symbol approx is subject to the con- 
tingeucy that | x| is sufficiently small, let us say for definiteness 
that x_.Sx<x;,. The length of this interval is limited by the 
hypothesis that within it the difference between ¢7(x) and the 
linear approximating function be sufficiently small to keep 


¢ Through an evident slip Jeffreys obtained on the right of this formula the 
incorrect form (2/¢"*) cos (E—52/12). 


(19) 
(b) Tepe € 
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under a permissible bound the cumulative error involved in the 
trauster from the solutions u(x) to the solutions y(x), and in the 
interchange between ¢? and x, and between £ and (2/3)Ax*/2. 

It is evidently a requirement of the method that the second 
of these intervals be large enough to contain the first within its 
interior, so that there may exist sub-intervals (x_,, x_yw) and 
(xn, xz) in which the transfers may be made. It is not difficult to 
recognize that such an adjustment is always attainable by 
taking \ suitably large if no restriction upon the magnitude of 
that parameter exists. 

Jeffreys appraises the method in the terms “ .. . it has the 
advantage of rapid application in general and of practicability 
in many cases where no definite integral solutions (of the differ- 
ential equation) can be found. On the other hand, it is not usu- 
ally easy to fix rigorously the limits of error involved in adopting 
it.” This seems to me to touch upon both the strength and the 
weakness of the procedure. As to the approximate magnitude of 
the error, Jeffreys concludes that it decreases with increasing \ 
and is of the order O(A-*/5). I must, however, confess myself 
unable to follow him to my own satisfaction in this final part 
of his deduction. 

Concerning the form of the statement of results (19) I would 
object to the use of the symbol —>, on the ground that it invites 
misconceptions which have not failed to show themselves in the 
literature. I find it not unnatural to read into a pair of forms 
connected by an arrow the thought that in the direction of the 
arrow the one form implies the other. In the case of the relations 
(19) this inference would certainly be incorrect. A review of the 
specific implications which were drawn from the analogous 
formulas (16), and which were listed in §6, will show the follow- 
ing, admitting that the formulas (19) ignore quantities of the 
order O(1/£) and O(1/)). 

Firstly, the relation (19a) is one in which the left hand member 
implies and necessarily leads to the right hand member. The con- 
verse, however, is not true, for it may be observed that in the 
deduction of the relation in question any solution y,(x) with 7 
of a suitable smallness, may replace the solution yo(x) used, 
while such solutions are not all associated with the form of the 
left hand member given. 

Secondly, the relation (19b) is one in which the right hand 
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member implies and necessarily leads to the left hand member, but 
not conversely. 

Three years subsequent to Jeffreys, that is, in 1926, Kramers, f 
in a discussion of the Schrédinger wave equation for a particle 
with one degree of freedom, encountered and again discussed 
the equation of the type (2a). His discussion is in every essential 
feature identical with that of Jeffreys and results in the deduc- 
tion of the formula (19a). A subsequent paperf{ adds to it the 
relation 


1 
(19c) eltl ———» — cos (e+), 


| 

which is evidently the analog of the formula (16) in the particu- 
lar case 7=7/2. There is, of course, no contradiction between 
the relations (19b) and (19c), since, as I have just remarked 
regarding the implication of one form from the other, the left 
hand form may be inferred from the right hand one in each 
case, but not conversely. Among the physicists these deductions, 
and especially the formulas (19a) and (19c), are known as part 
of the “W.K.B.” (Wentzel, Kramers, Brillouin) method, which 
I have already mentioned in an earlier connection in §3. 

The extension of this method of procedure to the discussion 
of the differential equation of type (2a) in which ¢?(x) has a 
zero of any integral order was made by Goldstein§ in 1927. 
He relates his paper directly to that of Jeffreys and has similar 
applications in mind. 


8. The Method of Zwaan.|| A second method for dealing with 
the equation (2a) in the case that the zero of ¢? is a simple one 
is built upon the idea of avoiding the critical point at which ¢? 
vanishes, by encircling it in a passage through the complex 
plane. The procedure is the following, it being assumed by way 


{7 H. A. Kramers, Wellenmechanik und halbzéhlige Quantisierung, Zeitschrift 
fiir Physik, vol. 39 (1926), p. 828. 

tH. A. Kramers, and G. P. Ittmann, Zur Quanteilung des asymmetrischen 
Kreisels 11, Zeitschrift fiir Physik, vol. 58 (1929), p. 217. 

§ S. Goldstein, A note on certain approximate solutions of linear differential 
equations of the second order, etc., Proceedings of the London Mathematical 
Society, (2), vol. 28 (1928), p. 81. 

|| A. Zwaan, Intensitdéten im Ca-Funkenspektrum, Dissertation, Utrecht, 
1929. 
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of an explicit hypothesis, that within a suitable region of the 
complex plane about the zero of ¢?, the function ¢7(x) admits of 
approximation to the required degree of precision by means of 
a function which is analytic. For convenience I shall again sup- 
pose that the origin and the positive x direction have been 
chosen so that for real values of x the sign of the latter is always 
that of ¢?. 

Let u(x) be any solution of the differential equation (2a) 
which is real over the axis of reals. For negative values of x such 
that x<x_y this solution is represented asymptotically by a 
linear combination of the forms (6), that is, with £ defined as in 
formula (9), 


(20a) + —e*, 


For these negative values of x it will be recalled that arg ¢?=7 
and arg £=37/2. 

In the upper half of the complex x plane let a semi-circle be 
drawn with center at the origin and with a radius r, (i) such that 
—r<x_y and r2<xy, (ii) such that at each point of the arc an 
asymptotic representation (20a) exists, and (iii) such that 
within the semi-circle the hypothesis made concerning ¢? is ful- 
filled. As x traverses this semi-circle in the clockwise sense the 
point £ in the complex £ plane traces out a curve I which begins 
on the negative axis of imaginaries, proceeds on the whole in the 
clockwise sense about the point £=0, and ends on the positive 
axis of reals. We wish to consider the vicissitudes of the form 
(20a) during the transit of this arc. 

Let it be supposed that the first term of the form (20a) is 
never dominant on the arc’. In this case the reality of the solu- 
tion for the negative values of x requires that arg c.=7/4. The 
continuity of the solution is not contrary to a suitably moderate 
change in the coefficient of the submerged term, say from c to 
ci*, but would be irreconcilable with any change in ¢c2. Finally, 
the reality of the solution for positive values of x, where both 
¢? and £ are positive, requires that in the end c#* and c2 be com- 
plex conjugates. From this the ultimate form, valid for x2>xy, 
is deduced to be 


(20b) u(x) ~ { eit-i arg e ttiarg es} 


| 
| 


564 R. E. LANGER : [August, 


This, and the form (20a), give precisely the members of the 
relation (19a), which is thus established, in the sense that the 
left hand form implies the right. It will be noted that no deduc- 
tion of the left hand form from the right by means such as out- 
lined is possible, which accords with the earlier discussion of the 
relation in question. 

The method was applied by Zwaan only when the coefficient 
c, in form (20a) is zero. It is at once evident that in most simple 
applications this yields an instance of the type considered, and 
hence affords a means, and a very simple one, for deriving the 
connection (19a). 

The obvious advantage of the method lies in its great sim- 
plicity in cases in which it can be applied. Its weaknesses are 
several. Firstly, there is its excessively circumscribed range. 
Limited to the case of a simple zero of ¢?, there seems no possi- 
bility of obtaining from it any result whatever when the zero is 
of higher order. Secondly, there are involved in it many tacit 
assumptions, some by no means negligible, particularly as to the 
asymptotic character of the solutions in the complex plane. A 
critique and elaboration of this point is contained in the ad- 
dress recently delivered here at Chicago by Birkhoff.f Finally, 
an estimation of the relative error involved in the result is 
almost impossible, and unlike either the method of Jeffreys or 
that which I shall next discuss, the procedure yields no informa- 
tion regarding the functional character of a given solution in the 
neighborhood of a point where ¢? becomes zero. 


9. Another Method.t The procedures which I have outlined in 
the two preceding sections are evidently to be characterized 
as of the nature of means for knitting together the results given 
by the classical process of §3 for each of two separate portions, 
namely (a, x_v) and (xy, b), of the fundamental interval (a, b). 
Under them a solution of the differential equation is thought 
of as asymptotically fitted in the one sub-interval, likewise so 


t G. D. Birkhoff, Quantum mechanics and asymptotic series, this Bulletin, 
vol. 39 (1933), p. 696. 

t R. E. Langer, On the asymptotic solutions of ordinary differential equations, 
with an application to the Bessel functions of large order, Transactions of this 
Society, vol. 33 (1931), p. 23; and On the asymptotic solutions of differential 
equations, with an application to the Bessel functions of large complex order, 
Transactions of this Society, vol. 34 (1932), p. 447. 
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in the other, and devices are then added for patching the results 
together into a more or less complete representation. The 
method which I would now like to present to you attacks the 
problem from a more fundamental standpoint, that of obtaining 
at one and the same stroke a representation which is valid over 
the whole domain of the variable. Should there be no zero of 
the coefficient ¢? in this domain, then the procedure of itself 
takes on the classical form. It is a method, therefore, which 
seeks to include and generalize rather than to extend by piecing 
out the method heretofore classical. Of its definiteness, adapt- 
ability, and scope I shall wish to say something anon. 

A scrutiny of the special differential equation (17) and of its 
explicit solutions (17a) suggests the consideration in the gen- 
eral case of the functions 


in which J, stands, as customarily, for the Bessel functions of 
the indicated order, yu is a tentatively undetermined constant, 
and £ is defined in the manner of formula (9). The differ- 
ential equation satisfied by these functions is 
(1 — 2) dv 
— + — +27=0, 
dé? dg 
or, in terms of x as the independent variable, 


+ _ 20) oly + = 0. 


If in this, finally, the term of the first order is removed, the sub- 
stitution being 


y = Wo, with W = 


the resulting equation is found to be 


of which the solutions are accordingly 


(22) Ys = 


= 
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Superficially the differential equation (21) is of the type of the 
equation (2) with which we are primarily concerned. That, how- 
ever, was true also of the equation (10) which is solved by the 
leading terms of the classical asymptotic forms. The test lies in 
the functional character of the coefficient ¥’’/W, which is given 
explicitly by the formula 


39”? ( 1 ) ¢? 


This evaluation shows that the difference between the equations 
(22) and (10) consists solely of the presence or absence of the 
term on the extreme right of (23). Near xo, the zero of ¢?, the 
coefficient in equation (10) has a pole, a fact which presages 
the breakdown of the asymptotic representation as the value x» 
is approached. The salient fact now is that this pole, which for 
a random choice of the constant p exists also in the function (23), 
may be obviated in the latter by the choice of u as the number 
1/(v+2), where v is the order to which ¢?(x) becomes zero at 
xo. This order may be any non-negative real number. The case 
v=0, with the consequent u?=1/4, evidently causes the equa- 
tion (21) to revert into identity with the equation (10), whereby 
the inclusion of the theory of §3 is at once made evident. 

With the indicated choice of uw, the equation (21) yields an 
approximation to the given equation (2) over an entire interval 
including the critical point xo provided the coefficient ¢* is 
otherwise bounded from zero. The nature of this approximation 
as it differs from that in the method of Jeffreys should be 
noted. There the difference between the two equations ap- 
proaches zero, to be sure, at the critical point, but for every 
other fixed point it increases with \ to the order of \?. In the 
present case the difference between the equations is entirely 
independent of \ and is therefore the more effectively over- 
shadowed by the term )’¢? the larger the value of \ is taken. 

It was remarked in §3 that the permissibility of infinite values 
for a or b, the limits of the interval, was contingent upon the 
convergence of the integral (5). The corresponding develop- 
ments in the present method require the convergence of the 


integral 
dx, 
oy 
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over intervals not including the critical point x». Since the 
integrands differ only by the function 


1 dx 

4 dx)? 
which integrates directly into (u?—1/4)//Z@ dx, and since this 
approaches a limit as |x|—>, it is clear that the generalized 
method requires none but the original condition in this respect. 

The close resemblance between the differential equations (2) 

and (21), which becomes the more pronounced as X increases, 
warrants the presumption that with suitable adjustments the 
solutions of the latter will represent asymptotically those of the 
former. I shall sketch out in the next section a mode of proof 
for this. In doing so I shall, however, content myself here with 
the consideration of the simplest case, namely with X real and 
positive, with ¢?(x) real for real values of x, with the zero of ¢? 
simple and located at the origin and with the sign of ¢? the sign 
of x. 


10. Proof of the Representation. The differential equation (2) 
may evidently be written if desired in the form 


(2*) u + {re — = 
with 
V(x) 


For this equation, however, the part of the reduced equation is 
taken by (21), and on regarding (2*) formally as a non-homo- 
geneous equation, a familiar procedure permits it to be solved 
in the form 


= (2) x, 


with 
H(x, t) = { yo(x) — yi(x) volt) }8(2). 


In this yo and y; may be any independent solutions of the equa- 
tion (21); W is their Wronskian; c is any point of the interval 


= 
= 
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(a, b); and u(x) is the solution of the equation (2) which coin- 
cides at x=c with y(x), any chosen solution of (21). I use the 
term coincides to mean that at the point in question the solu- 
tions take the same value, with derivatives which are also equal. 

The equation (24) is an integral equation. If the entire right 
hand member is substituted for u(#) in the integrand, and the 
process is repeated again and again, etc., there results formally 
the infinite development 


t)y(t)dt 
als) = (x, y(t) 
(24a) 


H(x, s)H(s, ds+- 


I will anticipate by mentioning that if y(x) and c are suitably 
chosen, and ) is sufficiently large, this development converges 
and actually represents u(x). 

We are considering the case in which ¢?(x) has a simple zero, 
that is, in which »=1/3, and among these is included the 
special equation of §6. It will be found that the formula (14) 
gives the solutions of the equation (21), and without modifica- 
tions other than such as are implicitly involved in the broader 
significance of the symbols. The asymptotic forms of these solu- 
tions are given by the formulas (16). With the special values 
n=0 and »=7/2, there are obtained thus a pair of solutions 
which may be used as yo and y; and which are respectively of 
the forms, when x is negative or positive, indicated by the re- 
lations: 


( ) (: =), 


: 


The Wronskian of this pair has the value X. 
The first integral term on the right of the relation (24a) is 
explicitly the sum of the two expressions 


yi(x) 


— 
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yo(x) 
1 z 


The points c and x have not as yet been specified. It may be ob- 
served, however, that if the range (c, x) contains wholly or 
partially the interval (x_y, xy), the integration over this latter 
contributes to the integral an amount which approaches zero 
with 1/A, for although the product of any two solutions (x) 
given by (14) has A as a factor, it is otherwise bounded and 
the interval itself is in length of the order of \~?*, The integra- 
tions over the range where | (2) | <= WN may, therefore, be dis- 
regarded henceforth. The considerations when |E(#)| >N are 
with advantage shaped to differentiate the cases in which the 
solution y(x) is rising at x_y from those in which it is falling at 
that point. 


Case 1. y(x) rising on c<xZx_v. In this case, as was found in 
§6, 


1 
tanyn 


and from formulas (16) 


for < Sx, 
(25a) »(x) ~ 
+2), for <= aN. 


It is directly clear that when |£(é)| >, the integrand in the 
expression J; is bounded, whence the same follows for the entire 
integral. The integrand in Jz, on the other hand, is of the form 


¢ 
with O(1) designating a bounded function. Since 
| | <| whenever #2, 


it being immaterial whether ¢ or x is positive or negative, the 
integral in question is seen to be of the form e~?*(Q(1). Thus 


| 
cos | 
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the sum J,+ Je, that is, the second term on the right of (24a), 
is concluded to be of the form 


This mode of appraisement is extensible in a direct manner to 
the subsequent terms of (24a) and shows them to be of a sim- 
ilar type with successively higher powers of A in the denomi- 
nator, sufficient to cause convergence of the series. From this 
and the form of y(x) it clearly follows that: 


If u(x), a solution of equation (2), coincides with a rising solu- 
tion y(x) of equation (21) at a point c, where c<x_y, then 


| whence SxS xy, 
(26a) u(x) = y(x) + are when x_n S x S xy, 
| 1 
| (: ") 
+ O(1/€) + oa)! when x = xy, 


the phase constant n being that in the representation (25a). 


Case 2. y(x) falling at x_y. In this case n= yo, with the latter 
given by (15a), and 


{ siny 
elél, when S x_y, 
| 2 
(25b) ~ 
| | when “y. 
The integrands in the expressions J; and J are respectively of the 
forms 


— and O(1), 


$(t) 
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when | (2) >N, and if c is chosen as any point to the right of 
x_n, the integrals are easily recognized as of the forms 


e7(2)0(1), and O(1). 


The conclusion which follows as in Case 1 is the following: 

If y(x), a@ solution of equation (21), is falling at x_n, and if 
u(x), a solution of equation (2), coincides with y(x) at a point c, 
where x_n Sc, then 


+ 0(1/8) + O11/0)} 
| $(x) | 1/2 
when x S x_y, 
O(1) 
(26b) u(x) = y(x) + when x_n S x S xn, 
+ O(1/&) + when x = xn, 


with n determined by the relations (25b). 


11. Scope of the Method. The proof which I have thus outlined 
applied especially to the case of a real parameter and variable 
and a simple zero of ¢?. I would emphasize, however, that these 
restrictions are in no way demanded by the method, but were 
imposed here for the sole purpose of avoiding tedious detail in 
the presentation. Generally the coefficient ¢? may be any func- 
tion, real or complex, which, in a given region R, of the com- 
plex x plane, admits of representation in a form (x —xo)’¢17(x), 
with v any non-negative real number and @¢,2(x) an analytic 
function which is bounded from zero. The parameter } like- 
wise need not be real. When such is the case the formula (9) 
defines £ as a complex variable which ranges over a domain 
R; obtainable by mapping from the original region. This domain 
is in general a portion of a Riemann surface with just one 
branch point located at £=0, with sheets in number finite or 
infinite depending upon the character of the number », and 
with boundaries depending upon \ and the boundaries of Rz. 


= 
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The deduction of the approximating differential equation (21) 
is a formal matter unaffected by the greater or less generality of 
the elements it involves, and in the domain R;, the solutions (22) 
are classically known for all values of —. As was remarked in 
§5, the asymptotic representations of these solutions are subject 
to the Stokes’ phenomenon, which interposes itself in the transit 
of any upper or lower half-plane of the Riemann surface R;. The 
sub-regions on this surface in which a single representation 
maintains, correspond to specific sub-regions of the original 
domain of x which are determinable from the relating map. 
Since, as in the simple case, the functions y(x) represent asymp- 
totically the properly associated solutions u(x) of the differ- 
ential equation under consideration, the quantitative details 
of the Stokes’ phenomenon as it applies to the latter are re- 
vealed. 

The procedure of which the foregoing is an outline has been 
carried out fully in the instance of several differential equations 
of classical importance. By suitable transformation, for example, 
the differential equation of the Bessel functions J,(z) may be 
given the form of the equation (2) whenever |r| is large, and 
the structure of these important functions for all complex values 
of the variable and all large complex indices may therewith be 
derived.t The differential equation for the Hermite polynomials 
is a case of this kind, and a study of the solutions of this equa- 
tion, or of its transform, the Weber equation, over the entire 
complex plane and for any large index, real or complex, has been 
successfully made.{ Lastly, I have made a study by this 
method of the solutions of the Mathieu equation over the com- 
plex plane of the variable and with all relative configurations 
of the two (real) parameters with one of them large.§ In the 
instance of several other standard differential equations the 
method evidently makes a similar study possible. 

12. A More General Type of Differential Equation. The func- 


tion x(x) in the coefficient of the equation (2) has throughout 
the discussion played a role of almost negligible importance. It 


7 R. E. Langer, loc. cit. 

t N. Schwid, The asymptotic forms of the Hermite and Weber functions, Dis- 
sertation, Wisconsin, (1934). 

§ R. E. Langer, The solutions of the Mathieu equation witha complex variable 
and at least one parameter large, Transactions of this Society, vol. 36 (1934). 
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will perhaps be granted in view of this that a dependence of this 
function upon ) is not significant so long as it remains bounded 
with respect to X. It can, in fact, be shown that when the zero 
of ¢? is a simple one the theory requires no essential modification 
even when x is of the order of \. That, however, is not so when 
the zero of ¢? is of higher degree. Only the simplest of such cases, 
namely that of an equation 


(27) — + 0(x) + x(x, u = 0, 


in which ¢? has a zero of the second order, has to my knowledge 
been at all investigated. Yet such equations have arisen in a 
number of connections and those studies which have been made 
have been made under the spur of impending applications. 

Apparently the first discussion of an equation of the type (27) 
was given by Goldstein in 1931. His method is an adaptation 
of that of Jeffreys discussed in §7. The variable and parameter 
are assumed to be real and the term x(x, A) does not occur in his 
equation. In consonance with the basic character of the method 
it is assumed that near xo, the zero of ¢?, the functions ¢? and @ are 
approximated to the requisite degree of accuracy by c:(x—%o)? 
and Ce, respectively, where c; and cz are constants. The ap- 
proximating equation, 


{ — x)? + hee} y = 0, 


may be transformed into a Weber equation and with the solu- 
tions of this (which are of classically known forms) playing the 
role taken in §7 by the Bessel functions, the connections be- 
tween the asymptotic representations which maintain on the 
two sides of x» are deduced. 

The differential equation of this type has presented itself also 
in quantum mechanics, and in this connection I find a discussion 
of it to have been given by Voss in 1933.{ There is apparently 
no essential difference between his treatment and that of Gold- 
stein. 

The method of §9 likewise lends itself to the generalization 


¢ S. Goldstein, A note on certain approximate solutions of linear differential 
equations of the second order, (2), Proceedings of the London Mathematical 
Society, (2), vol. 33 (1932), p. 246. 

t W. Voss, Bedingungen fiir das Auftreten des Ramsauereffektes, Zeitschrift 
fiir Physik, vol. 83 (1933), p. 581. 
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necessary for the discussion of the equation (27), and this, 
moreover, without restriction to real values of the variables. f 
Since the formulas as stated for the general case are of very con- 
siderable complexity, it might be worth noting here the forms 
which apply when the parameter and variable are real and the 
former is positive. 

The equation is first to be adjusted so that the relation 


36’ (%0)0’(%0) — = 0 


is satisfied. Then if x9 is taken as the origin, and if ¢? is bounded 
from zero except at the origin,{ there are solutions describable 
as follows: 


Case 1. ¢?(x)20 : solutions exponential. With k and & de- 
fined by the relations 


— 6(0) 


there are solutions of the asymptotic forms 


( 
| when « = 


| 
{ when x S x_y, 


{ = 
| T(1/4 k)T(3/4 k) 

~ when x = ay, 
(2£)*er€, when x S 


with 6 =ie?***, It will benoted that 6= +i1whenk=n+1/2+1/4, 
that is, at the values of & for which the gamma functions become 
infinite. For such values a third solution which may be used is 


7 R. E. Langer, The asymptotic solutions of certain linear ordinary differ- 
ential equations of the second order, Transactions of this Society, vol. 36 (1934), 
p. 90. 
¢ For more precise statements I refer to Langer, loc. cit. 


= 
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(2£)—*eé, when x = “ty, 
My (x) ~ 


—kgt 


It is to be understood that arg £ is to be taken as zero for both 
positive and negative values of x. 


Case 2. ¢?(x) £0: solutions oscillatory. With k and & given by 
the formulas 


¢’(0)|’ 


there are solutions which when £ is small are of the forms 
(2£)3/4 4 
(2£)1/4 
1/4 | 1/2 


{1+ +---}, 


and which when £ is large are of the forms 


is (x/ | x { 
u3(x) = x4] TG/A+ cos & — k log 2é 
3x 
+ arg T'(3/4 + ik) — 
| ¢| { 
= | T'(1/4 + zk) | 


+ arg T(1/4 + ik) — 


The uncertainty or vagueness of these formulas is of the order 


of and of (log A) /X. 


13. Remarks on the Wave Equation. The Schrédinger wave 
equation for a particle with one degree of freedom is familiarly 
of the form 
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822m 
(28) V(x)}u = 0, 


with m the mass of the particle, E and V(x), respectively, the 
total energy and the potential energy, and 4 denoting Planck’s 
constant. A wave function is a solution of the equation which 
remains bounded over the entire infinite axis of x. The cases of 
especial interest are those in which E— V(x) changes sign for 
one or more values of x, and when such is the case the equation 
is evidently one of essentially the type we have been considering. 
In classical mechanics motion is possible only when E— V(x) is 
positive. These are the intervals in which the solutions of the 
equation (28) are oscillatory. A wave function, that is, a perma- 
nently bounded solution, will in general exist only for special 
values of E, called characteristic values, the determination of 
which generally constitutes the essential part of the problem. 

It is customary in the literature of the equation (28) to treat 
it as of the type of the equation (2) with the roles of \? and ¢? 
taken respectively by the expressions 42?/h? and 2m {E — V(x) } . 
and with x =0. The “W.K.B.” procedure is then applied to sup- 
ply the connection formulas across a zero of ¢? for the represen- 
tations of u(x) asymptotic with respect to X. In these representa- 
tions the leading terms alone are generally considered. There 
are in this process a number of points to which I should like to 
call attention since, if nothing more, they hold the potentiali- 
ties of error, and in the disregard of which conclusions have in 
a number of instances been drawn which seem to lack complete 
justification. 

Firstly, the value assigned to A, though in the prevailing units 
it may be large, is nevertheless fixed. The designation of a 
quantity as “of the order of 1/X” is therefore not a significant 
one, and formulas asymptotic with respect to \ should be used 
only with caution. It would seem that when such formulas are 
employed an actual verification that the relative vagueness of 
the formula is within the allowable margin of error is indispensa- 
ble, and that this is particularly so when conclusions concerning 
quantities which may be relatively small are involved. Sec- 
ondly, the function 2m {E — V(x) } is dependent upon the param- 
eter E. In this respect it differs from the ¢? of the general 
asymptotic theory. When the range of values of E is considera- 


| 
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ble and also when E lies in certain critical ranges, this feature is 
easily conceived to be, and may be shown to be, one of first 
importance. Thirdly, the points at which the solutions change 
in character from the exponential to the oscillatory are not fixed 
but vary with the parameter E, a matter which is demonstrably 
not to be lightly ignored. For if, in particular, two such points 
approach each other too closely, the representations ordinarily 
obtained become entirely invalid. 

Having raised these issues I would like to present a variation 
of the procedure outlined which seems to me to be more reveal- 
ing, and logically much more defensible, though from the purely 
manipulative standpoint it is practically identical with the cus- 
tomary one. For convenience, I shall think of the case in which 
the function 2m { E— V(x) } is positive on a single finite interval, 
say x9 Sx The substitution 

— Xo 


% — Xo 


gives to the equation (28) the form 


2, 


7 
(29) — + °¢*(E, s)u = 0, 
ds? 

in which we may choose 


= {2m(E — V(x))}*?-dx, 


{E V(s)}*? 
— V(s)}""as 


(29a) 


¢(E, s) = 


In this form almost all the questions raised above have been 
obviated. In the first place, \ is not fixed but increases with £. 
Secondly, though, to be sure, ¢? still depends upon E£, this de- 
pendence has been normalized, so to speak ironed out, to the 
extent that the area under the graph of ¢ between its zeros is 
fixed at the value 1. Thirdly, the zeros of ¢? are fixed, specifically 
at s=0 and s =1. Evidently the equation in the form (29) differs 
in only a very minor way from the equation (2) of the general 
theory. Indeed, in the particular example V(x)=x* which is 
often invoked, the equation is 


— 
| 
— 
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d*u 128%*mE* 


(s — s?)u = 0, 


which is precisely of the type considered. 

From the form (29) the determination of the characteristic 
values proceeds in the usual way. The solution which is bounded 
on the range —©<s<0, must be that given by (26a) with 
n=0. Its form in a fixed interval entirely within (0, 1) must, 
therefore, be 


1 T 


with t=)f ods. Similar considerations, with the origin replaced 
by the point s=1, and the direction of the axis reversed, show 
that the solution bounded on 1<s<© must in the oscillatory 
interval have the form 


| 
(30b) («.- *) + 


with £, =Af'¢ ds. Since £+£,=X, we may write (30b) in the form 


and the condition that this be identical with (30a) is obviously 


that 
1 1 
(x +5) +0(—). 
2 


Since \ must be large, this shows that the order of 1/A is the 
order of 1/n, and on substituting the value of \ the condition 
becomes 


2 tame — = n+ 
(31) { 2m(E — V(x))} . 


n 


In order that a high degree of precision be assured, it is evidently 
requisite that m be sufficiently large. 

If 2 is only moderate the result, at least without further con- 
siderations, is of little value. It may in this case be useful to vary 
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the method by skipping over the interval (xo, xo) entirely in the 
following way. Since the left member of (31) is not large, the 
value of @ given by the formula 


2r 
(2m)!2{V,, — E}, 


with V,, denoting the minimum of V(x), is of moderate magni- 
tude. The equation (28) may, therefore, be written in the form 
— + O} =0, 
with 


= {V(x) — Va}, 


and is thus reduced to one of the type referred to in §12. 

The case in which the function {E — V(x) } is positive on two 
or more distinct intervals has also important applications and 
has received considerable attention in the physical literature.t 
It would appear, however, that the considerations involved in it 
call for peculiar caution with respect to the limitations and im- 
plications of asymptotic representations, and these it seems have 
been all too often overlooked. 

Let me suppose, to be concrete, that an equation (2) (or (29)) 
has a coefficient ¢* which is negative on just one interval, say 
x1<x< Xo. On this interval the solutions are then of exponential 
type and in particular there are solutions of each of the forms 


t See, for example, D. M. Dennison, and G. E. Uhlenbeck, The two-minima 
problem and the ammonia molecule, Physical Review, vol. 41 (1932), p. 313; 
H. D. Koenig, Calculation of characteristic values for periodic potentials, Physical 
Review, vol. 44 (1933), p. 657; Ta-You Wu, Characteristic values of the two 
minima problem and quantum defects of states of heavy atoms, Physical Review, 
vol. 44 (1933), p. 727. 


| 
(a) Tepe’ 
(32) 
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It may not be concluded from this, however, that the solution 
represented by (32a) has the form 


1 
(32a*) gin (« + *), 


for x>xo, in virtue of the connection formula (19c), for that 
formula, as was remarked earlier, permits no implication from 
left to right. In fact, by (26b), the form beyond xo may be 


with any 7 exceeding a small value mo (given by 15a). The form 
(31b) also implies strictly no more than the form 


Since the value of 7; in this is, however, restricted to be so small 
as to lie below the vagueness which has already been neglected 
in using only the leading term, the order of the error is not ac- 
tually increased by suppressing 7; entirely and writing 


(32b*) 2. cos (« *) 

4)’ 
which is in accord with the connection formula (19a). With this 
understanding the form (32b*) may be associated with any solu- 
tion which is a rising exponential as it approaches the critical 
point. A situation similar to that at xo is, of course, also con- 
fronted in this matter at the point x. 

The difficulty here seems to me to be circumventable only by 
picking special solutions in a suitable way, and holding fast to 
them throughout the discussion. I will try to make this clear as 
follows. Let 1;(x) be chosen as that solution which for x< x is 


of the form 
1 


It may be implied, for instance, by (26b) that for x>x the 
form is 


4 
4 
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| |1/2 | |1/2 
This solution as xo is approached from the left is rising. Hence 


its form for x >x» may be inferred, as in the case of (32b), and 
the complete relation indicated thus 


odx + _, — Tepe [ire 


2 
—— cos Qf odx — *). 
at zo 4 


The inference has in each case been in the direction of the arrow. 
For a second solution “2(x) we must now choose in the region 
x >». In particular, the choice may be placed upon that one of 


the form 
1 z 
cos f 


odx + =) 
x 

4 
which then is certainly of the form 


d. 
é 


ef, that is, 
| 


when x <xo. This, however, is rising as x approaches x; from the 
right, and hence for x <x, its form is as indicated in the formula 


4/ 


1 
| ata. pil? 4 


the arrows again showing the direction in which the inference 
was made. 

With a pair of solutions 1;(x), u2(x) thus chosen, every solu- 
tion is, of course, expressible as a combination 


u(x) = Au;(x) + Bue(x). 


It is then given asymptotically in each of the three intervals by 
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the same combination of forms. In particular, in the interval 
x >x» we should have 


~— os x+—)?, 
u aint cos c 


with 
C = 


or, as it may be alternatively written, 


cos Qf odx —-—+ 
4 C 


I have carried the formula to this last stage especially to warn 
against deductions from it which are not justified. For example, 
to conclude from it that the phase of u differs from that of m 
by the amount tan~!(B/C) would be warranted and meaningful 
only if this amount is large enough to project beyond the margin 
of vagueness which is inherent in all the formulas used. Though 
this is ignored when only the leading terms are written, it must 
nevertheless be borne in mind whenever conclusions are being 
drawn. 
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COMPOSITION OF ARITHMETICAL IDENTITIES 
BY E. T. BELL 


1. Examples of Composition. This concerns a new type of 
arithmetical identity involving parity functions. The letters n, 
d, 5, m, t, r, with or without accents or suffixes, denote integers 
greater than zero; the n, d, 6 are arbitrary, the m, r, odd. Hence, 
if n=tr, t is a divisor of m whose conjugate divisor (r) is odd. 
In what immediately follows, m, n (without suffixes or accents) 
are constant; summations refer to all values of the variable in- 
tegers in the indicated partitions consistent with the notation 
just explained. 

Let f(x, y) be single-valued and finite for all pairs of integer 
values of x, y, and let f(x, y) be even in each of x, y, 


f(x, y) = y) = f(x,—y). 


Then there are the following known arithmetical identities, 
proofs of which will be indicated in §2. 


(I) 2n = my, + Me, n= tr, mM, = 471, Me = tere: 
+ ta, 71 — 72) —f(ta — te, + 72) ] = Ce [f(2t, 0) —f(0, 24)]. 
(II) n=m+ Ne, n= d, = Ne = d252: 
Dl + de, 61 — 52) — f(di — de, + 
= — 1){f@,0) — £0, 4)} + — fr, 


A sum in which the upper limit exceeds the lower is vacuous, 
by convention. 
Repeating (I) in accented letters, we have (n’ is constant) 


(I!) 2n' =m{ n mi =tr1, m 
+H, rf — — fil — +72)] 
= [f(2#’, 0) — 2¢’)]. 


From (I) and (I’), and hence from (I) alone, we can infer by 
elementary arithmetical manipulations the following identity, 
which we number (I, I’) for a reason appearing in §2; ”, n’ are 
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constant; o;(n’) +7 (”’), &:(n’) =the sum of the divisors 
of n’, ¢/ (n’) =the sum of the odd divisors of n’. 
(I, I’) 22 =m, +m; = fr, m, = Me = tere; 
= mi n =t'r', mi mi 
+ — #), — + 
— + &)( + #2), — — 
— f((ti — — tf), (71 + + 
+ — + 2), (41 + — 77))] 
= t[ox(n’)fO, 0) — #’ { f(4tt’, 0) + J. 
In the same way (II), (I) give the next, in which n, n’ are 
constant. 
n= + m2; n = dé, ny = Ne = debe; 
2n’ =m! n mi mi? 
+ — (61 — + 
— f((di + de)(ti + #2), (61 — — 
— f((di — ds)(ti — te), (61 + — 
+ f((di — de)(ti + #2), (61 + 52)(rv — 
= ’[2(d — 1)f(0, 0) — (d + 26 — 3){ f(2dt’, 0) + f(0, 2dt’)} 


+2 0) + f(0, 2rt’)}]. 


As indicated by the notation, the #,, 7; occurring in the argu- 
ments of f in (I) are conjugate divisors of m, and likewise for 
te, T2, and m2. The point to be noticed is that the 4, 71 occurring 
in the argument of f are conjugate, and are not taken from dif- 
ferent decompositions of m,. Similar remarks apply to all the 
identities. 

The arguments in (I, I’) are bilinear in the arguments occur- 
ring in (I) and (I’), and similarly for (II, I’). We call (I, I’) the 
composition of (1) with itself, or the duplication of (1), and (II, 
I’) the composition of (II) with (I). Note that order is relevant 
in the symbol (II, I’); it will be seen that (I’, II) is meaningless. 
The general problem suggested by these examples can now be 
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stated. Given s arithmetical identities concerning parity functions 
summed over quadratic partitions, to construct from them identities 
concerning parity functions whose arguments are of degree s, are 
products of the arguments of the functions in the given identities, 
and are linear in the arguments of the respective identities. The re- 
sulting identities will be called compositions of the given identi- 
ties. This may be extended in obvious ways to the compounding 
of compositions. It will be sufficient here to indicate the alge- 
braic method by which the above examples were obtained. Al- 
though elementary arithmetical proofs can be given, the general 
algebraic method is preferable on account of its flexibility, sug- 
gestiveness in finding compositions, and ease of application. 


2. Algebraic Method. The identity (I) is the paraphrase of the 
following identity* in elliptic theta functions: 
$100(, ¥)b100(%, — ¥) = vid (x) — vid (y), 
(1) $100(*, ¥) = + 
V10(X) = 


for which the requisite expansions are 
$100(%, y) sin (tx + TY), (m tr), 
Vid (x) = 45 q*[oi(n) — 25 cos 2tx], (nm = tr), 
the m, n, t, 7 notation being as in §1. 
The identity (II) is the paraphrase of 
(2) $111(%, — y) = Por (x) — vor (y), 


y) = + Yor(x) = 0(x)/91(x), 
y) = ctnx+ctny+4)>> sin 2(dx + dy), 


(n = dd), 
Yor (x) = csc? x + — d cos 2dx, 
(n = dé). 


* Several examples of the process of paraphrasing are given in the series 
of notes, Quadratic partitions, appearing in this Bulletin; the last note is in 
vol. 39 (1933). The series is to be continued. 


= 
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Obviously 
F(x, y) = dioo(xu, yv)broo(xu, — yo), 


where u, v are independent variables, is finite and single- valued 
for all pairs of integer values of x, y, and 


F(z, y) = F(— 2, y) = F(x, — 9). 
Hence we may take f(x, y) = F(x, y) in the left of (I) and, by (1), 


f(x, 9) = Pie (xu) — (yr) 


in the right of (I). Equating coefficients of like powers of g in 
the resulting identity, we obtain a trigonometric identity in 
u, v which paraphrases into (I, I’). In the same way (II, I’) 
follows from (2). Note that (I, II’) which, if it existed, would 
be the result of taking 


I(x, = yr) din(xu, — yo) 
in the left of (I), and 


y) = Wo? (xu) — Yo? (yr) 


in the right, is meaningless, since ¢1:(x, y) is undefined if xy =0. 
From these examples the general process is evident. The sym- 
bolic algebra for performing the compositions, which is sug- 
gested by comparing the left hand members of the given identi- 
ties with their compositions, will be developed in another paper, 
where further examples will be given. The partitions in a given 
set of identities to be compounded may be of any degrees (the 
degree is the number of independent variables). The number of 
independent variables may be increased or diminished by com- 
position. 
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CONTINUED FRACTIONS AND CROSS-RATIO 
GROUPS OF CREMONA TRANSFORMATIONS* 


BY H. S. WALL 
1. Introduction. An arbitrary cross ratio 
riser = 24, 2x, 21] 


of four of the independent variables 2, 22, - - - , 2, is expressible 
rationally in terms of the ratios of any fundamental system such 
as 


= Zi-2, Zi, 2:3], (i= 4,5,---,m), 
or 
M: [21, 22, 23, 2s], (4 = 4,5,---,n), 


of »—3 independent ratios. If any particular system of n—3 
independent ratios be associated with a particular order of the 
variables by varying the order of the variables, we shall have 
in all m! conjugate systems; these systems are expressible ra- 
tionally in terms of the original system and in terms of any 
system of the set. Hence arises a group of m! Cremona trans- 
formations on n —3 variables. E. H. Moore,t H. E. Slaughtf and 
others have studied the group based on the initial system M. 

In this paper I have shown that the transformations based 
on the system C have application to continued fractions of the 
form 


If we take for the m variables 21, 22, - - - , Zn any ” consecutive 
convergents of the continued fraction, say 


A 
Basi 


* Presented to the Society, under a somewhat different title, April 6, 1934. 

¢ E. H. Moore, American Journal of Mathematics, vol. 22 (1900), pp. 279- 
291. 

tH. E. Slaught, ibid., pp. 343-380, and Part II in vol. 23. 


(1) = 


(«= 1,2,---,a;q¢ 2 —1), 
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then in this case the fundamental system C is »—3 consecutive 
elements x; of the continued fraction £, namely, 


(2) Si = (4 = 4,5,---,m). 


The Cremona transformations are on these elements, and their 
effect is to permute consecutive convergents of £ among them- 
selves. The transformations do not disturb the convergence or 
divergence of the continued fraction, and result therefore in new 
convergence criteria. 

2. The Group C,, of Cremona Transformations. Let Am,:/Bm,t, 
(t=0, Am,.o/Bm,o=Am/Bm), be the mth convergent of the con- 
tinued fraction 

Xo+t 


1-1-1 


Then with the aid of the identity* 
A n+t-1By-1 —A = * 


we find that a cross ratio rijx:= [2:, 2;, 2%, 21], (@<j<k<)), of 
four of the » variables (1) can be expressed in the form 


(3) = 


The other five distinct ratios of these four variables can be ob- 
tained from the ratio (3) by the well known transformations 


1 1 


THE = rng =1—Xd, = 


3a 
(se) 
aja 


A-1 


where \=7;;x;. In particular, we find that 


(4) Si = Xoti, (i = 4, 5, ake n). 
Inasmuch as (3) depends upon % 44, °° * » Only, it 
follows that (4) is a fundamental system of cross ratios. 

Let ji, je, - - - ,jn be an arbitrary permutation of 1,2, ---,m; 
and put 


* Perron, Die Lehre von den Kettenbriichen, 1st ed., p. 17. 


1934-] CONTINUED FRACTIONS 589 
2: 


si = Figs (i = 4, 5, n), 


Then 


is also a fundamental system; and C* is expressible rationally 
in terms of C: 


Si = fi(Ss, Sa), (i= 4,5,---,m), 


or, simply, C*=f?C. 

If 6 is another permutation, then C**=f*C’=f*°C. The n! 
Cremona transformations f*, f*, - - - form a group C,; simply 
isomorphic with the symmetric permutation group C,,. 

The ratios s; are given in terms of the ratios 7; of &. H. Moore 
by the formula 


(5) = [ri, 73, Te, (r1 = ©, re = 0,73 = 1). 


The r; can be expressed in terms of the s; by means of (3) and 
(3a). Thus the group C,, is equivalent to that of E. H. Moore 
under the transformation 


Si = [riva, ria, ri, rea], (i = 4,5,---,m). 


3. Convergence Criteria for Continued Fractions. Let C,{ be 
the subgroup of C2,; corresponding to permutations of the form 


a= 

in which j:, je, - - - , jm iS a permutation of 1, 2,---, m. It is 
plain that f,*, fs*, - - - , fm* are functions of s4, 55, - - - , Sm alone, 
while fmts, » fom are functions Of Sms4, Smis, Sam 


alone. The remaining three functions depend in general upon 

Let k=0, m= 3, («=0, 2m—1). 
Then s;=Xim4i-1, (@=4, 5, - - - , 2m). We have 


a a 
Vim+i-1 = Sil y (i= 4, 5, 2m), 


with the exceptional values* 


* Perron, loc. cit., p. 198. 


= 
= 
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Bia Bj 


Then the continued fraction (with real or complex elements) 


has the same convergents as £, but in a different order. Conse- 
quently, if W, is a region in m-space such that when the points 


XVkm+1,°°° ¥(k4+1)m—1) (k 0, 2, ), 


range over W, we shall always have* 
1 
| ae| <—, (m = 2, 3,4,---), 
+ 
then ~ converges. In this manner every transformation of the 
group C,,{ gives a convergence theorem for &. 


4. The Groups Cio and Cy¢ . As an illustration,t we shall con- 
sider the groups C;; and C;/. The group Cio is generated by the 
four transformations 


K ~ (34), L~(23)(45), M~(45), T~(12). 


The three transformations K, L, M generate by themselves a 
subgroup Cy of the main group Ci; T will extend C2, to the 
main group. 

By (3) and (3a) the transformations K, L, M, T are found to 
be as follows: 


x 1 i-y 
K: = =—; L: = vy =y¥; 
y x 
(4) 
M: 2’ = ——; T: x’ = ,y= ’ 
x—1 


where, to avoid subscripts, we have put s4=x, s5=y. 


* Perron, loc. cit., p. 259. 
t The details of this illustration were worked out by Miss Lozelle Thomas. 


Aj 
Bj,-1 Bia Bia 
Xe" 
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In the xy-plane the geometrical configuration for the group 
Cx, is as follows. The curves 


1. 2. y=0, 3. x=0, 
4, y=(x—1)?, 5. +=1, 6. y=1, 
7. «+y=1, 8. 2?+2xy—2x—y+1=0, 


divide the plane into 24 regions. Take the fundamental region J 
to be the region in the second quadrant bounded by the curves 
1, 2 and 3. The other regions in the second quadrant are then: 
L bounded by 1, 2, 6; LK bounded by 6, 8; LKL bounded by 
7,8; MKL bounded by 4, 7; and MK bounded by 3, 4. 

In the first quadrant the regions are: K bounded by 3, 8; 
KL bounded by 5, 6, 8; KMKL bounded by 4, 5, 6, extending to 
infinity; MLK bounded by 4, 6; MLKM bounded by 2, 4, 6; 
MLKLM bounded by 4, 5, 6; KLK bounded by 1, 5, 6; LKLK 
bounded by 1, 7; MKLM bounded by 4, 7; and K MK bounded 
by 2; 3; 4. 

In the third quadrant the regions are: LM bounded by 1, 2; 
and M bounded by 1, 2, 3. 

In the fourth quadrant the regions are: K M bounded by 2, 3, 
8; KLM bounded by 5, 8; MLKLK bounded by 1, 5; MKLK 
bounded by 1, 7; LKLM bounded by 7, 8; and LK M bounded 
by 2, 8. 

The generators of C¢ correspond to the permutations (34) 
(89), (23) (45) (78) (9, 10), (45)(9, 10), and (12) (67). If we denote 
them by K’, L’,M’,T’, respectively, then these transformations 
are found to be 


, u v , w 
w= 
l—w 
| 1-7 
= y=y, z= =), 
L’: 
; 1— v w 


where for simplicity we have put *=X5mi3, ¥Y=Xsm44, U =Xsm45, 
V=X5mi6, W=X5m47, = X5m48, 

Each of these transformations yields a convergence theorem 
for the continued fraction £ in accordance with the remarks in 
§3. For example, K’ gives the following theorem. 

The continued fraction & converges if the following inequalities 
hold: 


1 — x 4 — 1 4 4 
(s = 0,1, 2,---), 
Xin | < | Von+1 < | V5n+2 < 
— 1 4 1 — 4 1 — 4 
(n = 1,2, 
where x), %2, X3, are real or complex numbers. 
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ON THE MINIMIZING PROPERTY OF THE 
HARMONIC FUNCTION 


BY E. J. MCSHANE 


1. Introduction. Let D be a bounded connected open set and 
D* its boundary and let D=D+D*. It is well known { that if 
the function u(x, y) be harmonic on D, then u(x, y) minimizes 
the Dirichlet integral 


in the class of all functions f(x, y) possessing piecewise continu- 
ous partial derivatives f, and f, and coinciding with u(x, y) on 
the boundary D*. But in certain recent discussions of the prob- 
lem of Plateauf essential use is made of a generalization of this 
theorem; it was necessary to know that the harmonic function 
u(x, y) minimizes I[f] in a larger class of functions than those 
with continuous derivatives. It has been suggested that a proof 
of this fact should be published; the present note carries out the 
suggestion. The method of proof is similar to that due to 
Lebesgue. As an application, a theorem is proved which is of 
some interest in the theory of curved surfaces. 

The functions with which we shall be concerned are those 
which are, as we shall say, absolutely continuous by sections (ab- 
breviated a.c.s.). A function v(x, y), defined and continuous on a 
bounded open set D, will be said to be a.c.s. on D if it satisfies 
the following conditions: 


(1 a) for almost all values yo of y the function v(x, yo) is absolutely 
continuous on each interval of the line y = yo lying in D; 


(1 b) for almost all values xo of x it is absolutely continuous on each 
interval of the line x =x, lying in D. 


t H. Lebesgue, Société Mathématique de France, Comptes Rendus, (1913), . 
p. 48. Hurwitz-Courant, Funktionentheorie, 2d ed., p. 424. 

t E. J. McShane, Parametrizations of saddle surfaces, etc., Transactions of 
this Society, vol. 35 (1933), pp. 716-733. T. Radé6, The problem of Plateau, 
vol. II, No. 3, of the Ergebnisse der Mathematik und ihre Grenzgebiete, p. 99. 
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With this terminology we state our theorem on the minimiz- 
ing property of the harmonic function. 


THEOREM 1. If (a) u is continuous on D and harmonic on D, 
(b) v is continuous on D and a.c.s. on D, (c) v(x, y) =u(x, y) on 
D*, then I[v]=I[u], the sign of equality holding only if I{u]=« 
or v=u. 


Before proceeding to the proof of the theorem, we first ob- 
serve that if f(x, y) be a.c.s. on D, its derivatives v, and v, are 
defined almost everywhere on D and are measurable where de- 
fined. Where they are undefined, we assign them the value 0. 
We shall denote by X the set of all values xo of x such that (a) 
the line x = x» has points in common with D, (b) on each interval 
of the line x =x lying in D the function v(xo, y) is absolutely 
continuous in y. The set Y is defined analogously. For each x» 
of X the line x =x, has in common with D a finite or denumera- 
ble set of intervals; these we denote by 61(%0), 52(xo), - - - . The 
intervals 5;(yo) are analogously defined. As a first step in the 
proof of Theorem 1 we establish the following lemma. 


Lemna. If u(x, y) is harmonic on an open set containing D, 
and v is continuous on D and a.c.s. on D, and v(x, y)=u(x, y) on 
D*, then I{v|=I[u]. 


If I[v]=, the conclusion holds. Otherwise let us define 


y) =0(x, y) —u(x, 


This function is continuous on D and a.c.s. on D, and 
(1) = + +2 f f + dy; 
D 


here all integrals are well defined and finite. We may write 


=f} f 
D 28s (y) 
-fi 
Y 5i(y) 


In the last integral we integrate by parts, remembering that ¢ 
vanishes at each end of each 6;(y). We thus obtain 


SSS | 
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fubedzay =— fi > dy 
D ¥ 8; (y) 
2 
@) = ff 
D 


the last reduction is allowable because uz, and ¢ are both con- 
tinuous and bounded on D. In a like manner, 


= — ff dz ay. 
D D 


Adding and remembering that u is harmonic, we find that the 
last integral of equation (1) vanishes. Since I[¢]=0, the lemma 
is established. 

Proceeding to the proof of the theorem, we subdivide D into 
the sets Dy, D’, D’’, on which the respective relations »=u, 
v>u,v<u hold. Also, for every we define and D.” to 
be the subsets of D on which v>u-+€ and v<u—e, respectively. 
The Dirichlet integrals over these sets will be distinguished by 
the corresponding affixes; for example, J,’(u) is the integral of 
u2+u? over D. 

We first observe that I[v] =Jo[u]; in fact, uz=v2 and uy=vy 
for almost all points of Do. For let E be the set on which 
u—v=0, the derivatives uz and v, are defined, and u,—v.~0. 
This set is measurable; hence to prove that its measure is zero, 
we need only show that for almost all yo the part of EZ lying on 
the line y=yo has linear measure zero. But for every yo the 
points of E belonging to the line y = yp form an isolated set and 
so are enumerable; for at each such point we have u—v=0, 
while 0(u —v)/0x exists and is not zero. Therefore m(E£) =0. 

As ¢ tends to 0, the sets D,’, D.’’ tend to D’, D’’, respectively; 
hence J,’ [u]—I’[u] and [uw]. Thus if be any num- 
ber less than J[u], we can choose ¢ small enough so that 
[uj+Io[u]>h. The set D lies, with its boundary 
D/*, in D; and on D'* we have v—e=u. Hence by our lemma 
I? |v] [v—e] =I. [u], and similarly I.” [v] >I’ [uv]. Thus 


= + [vo] + 22’ [v] = + 12 + 12’ [u] > b. 


This being true for every h<I[u], it follows that I[v]=7[x], 
as was to be proved. 


| 
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It remains to be shown that if Z[u] is finite and Z[v] =1[u], 
then v=u. In this case we consider the function 


I[u + = + + 2a ff + Uyoy)dx dy, 
D 


where ¢=v—u. On setting \=1, we find that the last integral 
on the right has the value —I[@]/2. Setting \=1/2, the equa- 
tion becomes Therefore, if I[@]>0, 
the a.c.s. function u+@/2 has a Dirichlet integral less than that 
of u, which we have already shown impossible; hence I[¢]|=0. 
This implies that ¢.=0 almost everywhere in D. Thus for al- 
most all yo of Y the equation ¢.(x, yo) =0 holds for almost all x 
in >>5,(yo) ; integrating and remembering that ¢ =0 at the ends 
of each 6;(yo), we find $(x, y) =0 for almost all (x, y) in D. 
Since ¢ is continuous, ¢ =u—yv vanishes identically on D, com- 
pleting the proof of the theorem. 


2. Discussion of a.c.s. Functions. As yet we have not shown 
that the class of a.c.s. functions includes the class of functions 
with piecewise continuous derivatives and finite Dirichlet in- 
tegral. Suppose, then, that v(x, y) and its derivatives v, and vy 
are continuous on D, and I[v] is finite; we state that v is a.c.s. 
For the finiteness of J[v] implies that |v.(x, yo) | is summable 
over >. 6;(yo) for almost all yo. Since vz is continuous in D, 2 is 
absolutely continuous over every closed interval contained in 
5;(yo); and this, with the summability of v(x, yo), implies that v 
is absolutely continuous on 6;(yo). A like argument applies to 
v(xo, y) for almost all xo. In particular, if u(x, y) is harmonic on 
D and I [x] is finite, then u(x, y) is a.c.s. 

If v is continuous on D and J[»] is finite, and D can be sub- 
divided into a finite number of subsets, each bounded by a finite 
number of rectifiable simple arcs such that vz and v, are con- 
tinuous on the interior of each subset, then 2 is a.c.s. For, if we 
except a set of x9 of measure zero, the line x =x» intersects the 
boundary curves in a finite number of points, so that each 6;(xo) 
is subdivided into a finite number of sub-intervals. Again ex- 
cept on a set of measure zero, the function v(xo, y) is absolutely 
continuous on each of these subintervals by the preceding para- 
graph, and being also continuous on 6;(xo) it must be absolutely 
continuous on 6;(x9). A like argument holds for almost all yo. 
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3. Invariance Properties. The definition of the property a.c.s. 
seems highly artificial, since it is stated in terms of a particular 
coordinate system and has no self-evident invariance properties 
even under rotations of the axes. But this defect is only appar- 
ent; in fact, we shall now apply Theorem 1 to show that if a 
function is a.c.s. and has a finite Dirichlet integral, it retains 
these properties under all conformal transformations, the 
Dirichlet integral being unchanged in value. We shall prove the 
following theorem. 


THEOREM 2. Let the transformation 
(3) x(x’, y’), y(2’, y’) 


map the bounded open set D' conformally on the bounded open set 
D and map D' topologically on D, and let the function v'(x’, y’) 
be a.c.s. on D’ and have a finite Dirichlet integral 


I'[v’] =ff + oy |dx'dy’. 


Then its transform v(x, y) =v'(x'(x, vy), y’(x, y)) ts continuous on 
D and a.c.s. on D, and I[v]=I'[v’]. 


By drawing lines parallel to the x- and y-axes we subdivide 
the (x, y)-plane into squares of side 2—”, where 1 is an arbitrary 
positive integer. We obtain the (7+1)th subdivision by sub- 
dividing each square of the mth. Those squares which are (with 
their boundaries) interior to D we call qi, ge, - - - » dm; the re- 
mainder of D is a set r, bounded in part by D* and in part by 
line segments. In the g; and in 7 we construct the harmonic 
functions which coincide with v(x, y) on the boundaries of the 
subsets. Thus we have defined a function u,(x, y) which is con- 
tinuous on D and harmonic on the interiors of the g; and r. 
The transformation (3) carries 7, qi, gz, - - - » Ym into subsets of 
D’, which we call r’, gi’, go’, - - - , dm’, respectively; and it car- 
ries zu,’ intoa function u,’(x’, y’) which is continuous on D’ and 
harmonic on the interior of each gj and r’ and which coincides 
with v’ on the boundary of each subset. Hence, by Theorem 1, 
the Dirichlet integral of v,’ over each subset is at most equal 
to the Dirichlet integral of u’ over that set, so on adding these 
integrals we have I’ [u,’|<I'[v’]. But in each set q;, 7, the map- 


i 
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ping (3) leaves the Dirichlet integral of the harmonic function u 
unchanged; hence J[u,]=JI'[u,’ |<J’[v’]. Let us consider a 
point (xo, yo) of D. For all sufficiently large n, it belongs to some 
square, say gicn), Of the mth subdivision. Since the diameters of 
the squares approach zero, the greatest and least of the values 
of v(x, y) on the boundary of gicn) tend to v(xo, yo); and since u, 
is harmonic on the square, the value u,(xo, yo) lies between 
these two extreme values of v, so that lim u,(x, y) =v(x,y) at 
each point of D. This equation continues to hold on D*, where 
every u, coincides with v. Finally, by §2, each u,(x, y) is a.c.s. 
on D. 

We are now in a position to repeat the demonstration on 
pages 719-720 of my previously cited paper; we need only re- 
place the word “uniformly” by “everywhere” and replace the 
interated integrals taken first with respect to v between 
—(1—x?)'/? and (1—w?)!/? and then with respect to v over CE, 
by iterated integrals taken first over > 5,(x) and then over X. 
We thus find that v(x, y) is a.c.s., and that 


I{v] < lim inf I[u,] = lim inf 7’ ] < I’[v’]. 


Interchanging the roles of v and v’ shows that I’[v’]<J[v]; 
hence the Dirichlet integrals are equal, and the theorem is es- 
tablished. This theorem has an application in the theory of 
curved surfaces. Among all continuous surfaces 


x= x(u,v), y= y(u,r), 2=2(u,r), 2) on B), 


where B is a Jordan region, a particularly interesting class is 
that for which 


(a) the functions x(u, v), y(u, v), 2(u, v) are a.c.s. on B, 
(8) E+G is summable, that is, I[x], I[y], I[z] are finite. 


In particular, if the region B can be taken to be a circle, a and 8 
remaining satisfied, we say (with Morrey) that the surface is of 
type Le. It is clearly more convenient to have a circle to deal 
with than to havea general Jordan region. But we can now show 
that every surface having a representation satisfying (a), (8) is 
of type Lz. We need only map B conformally on the unit circle; 
the transformed functions #(u, v), #(u, v), Z(u, v), u?+eS1, 
then satisfy (a) and (8) because of Theorem 2. 
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SIMPLIFICATION OF THE WHITEHEAD-HUNTING- 
TON SET OF POSTULATES FOR THE ALGEBRA 
OF LOGIC 


BY A. H. DIAMOND* 


1. Introduction. In 1916, B. A. Bernstein} obtained a reduc- 
tion in the number of postulates of the Whitehead-Huntington 
set{ for the algebra of logic. In this paper I secure a further 
reduction in the number of the postulates by combining the 
commutative and distributive laws and then proceed to investi- 
gate the postulates which result when the two reductions are 
effected at once. 

I prove the sufficiency of the new postulates for the algebra 
of logic by showing that the original set can be derived from 
them. Finally I establish the independence of the new postu- 
lates by furnishing proof-systems of a simple arithmetic type. 


2. The New Postulates. The new postulates have as undefined 
ideas the undefined ideas of the original set, namely, a class K 
and two binary operations + and X. The postulates are the 
Postulates 1-6 listed below. In Postulates 3 and 4 is implied 
the condition if the elements involved and their indicated combina- 
tions belong to K. 

PosTULATE 1. a+b is in K whenever a and b arein K. 

POSTULATE 2. ab is in K whenever a and b are in K. 

PosTULATE 3. bc-+a=(c+a)(b+a). 

PosTULATE 4. (b-+c)a=ca+ba. 

PosTuLATE 5. For any element b in K there exists an element b’ 
such that, whatever a is, a+bb’ =a and a(b+b’) =a. 

PosTuULATE 6. There are at least two elements, a and b, in K 
such that a#b. 


3. Sufficiency of the Postulates. Derivation of the Whitehead- 
Huntington Postulates. The Whitehead-Huntington postulates 
leave undefined a class K and two binary operations + and X, 


* American Field Service Fellow. 

t See this Bulletin, vol. 22 (1916), pp. 458-459. 

t See the Transactions of this Society, vol. 5 (1904), pp. 288-309. The set 
referred to is the first of the three sets which occur in Huntington’s paper. 
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and are the Postulates Ia, Ib, - --, VI below. In Postulates 
IIIla-IVb is implied the condition if the elements involved and 
their indicated combinations belong to K, and in V is implied the 
condition if the elements z and u of Ila and IIb exist and are 
unique. 

PosTULATE Ia. a+b is in K whenever a and b are in K. 

PosTULATE Ib. ab is in K whenever a and b are in K. 

PosTULATE IIa. There is an element 2 such that a+z=a for 
every element a. 

PosTuLaTE IIb. There is an element u such that au=a for 
every element a. 

PostuLaTE IIIa. a+b=b-+a. 

PosTuLaTE IIIb. ab =ba. 

PosTuLATE IVa. a+bc=(a+b)(a+c). 

PosTULATE IVb. a(b+c) =ab+-ac. 

PosTULATE V. For every elemenia there is an element a’ such 
that a+a’=u and aa’ =z. 

PostuLaTE VI. There are at least two elements, a and b, in K 
such that 

It is seen that Postulates 1, 2, 6 are precisely the Postulates 
Ia, Ib, VI, respectively, of the original set. Further, Bernstein 
has shown* that Ila, IIb, V of the original set follow from Postu- 
lates 1, 2, and 5. Consequently, in order to prove the sufficiency 
of Postulates 1-6 for the algebra of logic, it remains to derive 
from the postulates 1-6 Postulates IIla-IVb of the original 
set. In the proofs I give below I assume, in accordance with 
Bernstein’s results, that Ila and IIb have already been proved. 

PrRooF oF IIIa. In 4 put a=u, using 1, 2, and IIb. 

Proor oF IIIb. In 3 put a=z, using 1, 2, and Ia. 

ROOF OF IVa. By 1, 2, 3, IIIa, and IIIb. 

Proor oF IVb. By 1, 2, 4, IIIa, and IIIb. 

It can easily be verified that Postulates 3 and 4 can be derived 
from IIIa—IVb. It thus becomes apparent, when one also takes 
into account the results obtained by Bernstein, that Postulates 
1—6 are equivalent to Postulates Ia—VI of the original set. 


4. Independence of the Postulates. I establish the independence 
of Postulates 1-6 by giving the following examples of proof- 


* See this Bulletin, loc. cit. 
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systems, each of which violates the like-numbered postulate 
and satisfies all the other postulates of the set. These examples 
are all arithmetic systems, the elements being the numbers 0 and 
1. The symbol f(a, b) (mod 2) in an arithmetic system denotes 
the least positive residue modulo 2 obtained from f(a, b) by re- 
jecting multiples of 2. The operations + and X are to be inter- 
preted as the operations of ordinary arithmetic when they occur 
in the modular expression, otherwise they are to be interpreted 
as logical addition and logical multiplication. 


EXAMPLE K a+b ab 
1 0,1 a+b+0/ab+1 (mod 2) ab (mod 2) 
2 0,1 ab (mod 2) a+b+0/ab+1 (mod 2) 
3 0,1 a+b (mod 2) ab (mod 2) 
4 0,1 ab (mod 2) a+5 (mod 2) 
5 0,1 ab (mod 2) ab (mod 2) 
6 Null 


Paris, FRANCE 


ON ANALYTIC FUNCTIONS WITH POSITIVE 
IMAGINARY PARTS 


BY J. L. DOOB* AND B. O. KOOPMAN 


The purpose of this paper is to give an integral representation 
of a function analytic in a half-plane, and with positive imagi- 
nary part there. This can be used to obtain in a simple way the 
well known analytic representation of the resolvent of a self- 
adjoint transformation in abstract Hilbert space. 


THEOREM. Let $(1) be a function analytic for $(1) >0.f If 
(1) $[¢@] 2 0, lim sup | #3[$(i#)]| < 


for t real, t>0, then there is a uniquely determined monotone 
non-decreasing function a(d), defined for ©, satisfying 


* National Research Fellow. 
t If — is any complex number, R (¢) and 3 (é) will be used to denote its real 
and imaginary parts, and ¢ its conjugate. 
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(2) lim a(A)=0, a(A+0) = a(d), 
and 
(3) < lim sup | #3[¢(it)]|, (-2<r< @), 


and such that 
(4) m= f Os 


where c is a real constant.* 


o( 


is analytic for |s| <1 and $(¢) 20 there. Then by a theorem of 
Herglotz,f there is a non-decreasing function a;(0@) defined for 
0<6<2r, such that, if z=re‘¥, 


z+1 1 3s 1 — 
5 —i =— 
(5) 36( 1 — 2rcos (@— + 


If a2(@) —a,(0+0) for a2(27) 
—a,(0+0), this becomes 


e+1\ 16% 
go(- f dax(0) 
z—1 2rJo 
C1 1 — 7? 
2x 1 — 2rcosy 
where =a; (27) —a,(24—0) +a;(0+0) —a,(0), and is evidently 


The function 


(6) 


* See results of R. Nevanlinna, Annales Academiae Scientiarum Fennicae, 
Series A, vol. 18 (1922), No. 5; W. Cauer, this Bulletin, vol. 38 (1932), p. 715, 
especially the footnote; Marshall Stone, Linear Transformations in Hilbert 
Space, Theorem 10.36; J. Wolff and F. de Kok, Bulletin de la Société Math- 
ématique de France, vol. 50 (1932), pp. 221-227; S. Warschawski, Mathe- 
matische Annalen, vol. 107 (1932), pp. 1-15, who discusses integrals in the 
circle with the origin as center and of radius 1 which correspond to our integrals 
in the upper half-plane. 

+ Leipziger Berichte, Mathematische-Physikalische Klasse, vol. 63 (1911), 
pp. 508-511. 
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not negative. Moreover the function a2(@) is uniquely deter- 
mined by $(¢); and a.(@) is determined on a set of measure 27, 
to within a constant,* which fixes a2(6) uniquely. If we change 
0, 2, tod and J, respectively, by 

+ 1 6 2+1 


= —ctn—» 
— z—1 


(6) becomes, if a2(@) =a3(A), 


1 
(7) 316] = — f (1 + + ~ 


Now if 1=2t, t>0, this becomes 


@) = — + +2 


and it is seen at once that (1) implies that c;=0 and that the 
integral (1/7) (1+ *)da3(A) is finite and not greater thant 
lim | If, then, a(A) is defined by 


(9) a(n) = — (1 + 

it is seen to satisfy (2) and (3). Substituting in (7), we find 
30 


* For (5) is equivalent to 


+1) _1 


where d is a real constant, from which it is seen at once that 
2r 0 0 


This determines a;(@) to within a constant on a set of measure 27, since it is 
a real function. 

t This is the crucial step of the proof and since the same conclusions can be 
drawn if there is a sequence { } such that lim 
>0, and such that lim pne*™ ]] < the lemma can be gener- 
alized accordingly. 
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which is equivalent to 


© da(r 
(11) 


where ¢ is a real constant. The function a(A), monotone non- 
decreasing and satisfying (2), is thereby uniquely determined. 
For otherwise, retracing steps, the fact that a2(@) is uniquely 
determined would be contradicted. The representation (10) 
shows that unless $(/) =c, t$@(tt) increases monotonely with ¢ 
and that lim,... a(A) =lim:... J. 


Coro.iary. If (J) is a function analytic for $(1) which 
can be put in the form (4) with c=0, where a(A) is a complex- 
valued function satisfying (2), whose real and imaginary parts 
are of bounded variation over the interval — © << &, then 
a(A) ts thereby uniquely determined. 


This has been shown already (without supposing that ¢(2) 
is defined for $(J)<0) when a(A) is supposed real and non- 
decreasing. The case when a(A) is only supposed real can be 
reduced to this case, since any real function of bounded varia- 
tion can be expressed as the difference between two monotone 
non-decreasing functions. In the general case we only have to 
show that ¢(/)=0 implies that a(A)=0. Suppose, then, that 
=0, and define (J), ¢2(2) by 


= dRa(r) = d%ald) 


Then 
(12) oil!) + =0, 


Substituting for 1, ¢:(2) +i¢2(1) =0, $() #0. But it is evident 
that $;(l) =$,()), (Gj=1, 2), so that =0, or, if we 
take the conjugate, 

(13) gill) — =0, #0. 


Equations (12) and (13) show that ¢;(J) =¢2(J) =0. We have 
already seen that this implies that Ra(A) =Sa(A) =0, as was to 
be proved, 

These results can be applied to the theory of self-adjoint 


— 
= 
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transformations in Hilbert space as follows. Let T be a self- 
adjoint transformation* in Hilbert space §, and let R; be the 
inverse of the transformation T—JI, where $(J) ~0, and J is the 
identical transformation. Then if f is an arbitrary element of §, 
[Rif, f] is analytic for $(J) #0 and 9[R;f, f] has the same signf as 
$(. By the theorem proved in this paper there is then an 
integral representation of [R;f, f]: 


da(r; 


If f and g are arbitrary elements of 9, 


1 1 
[Rif, g] = [RAf + g),f+e]— — g), f — 
(15) 
4 4 
+ [Riff + ig), f + ig] — ig), f — ig], 


which leads to an integral representation of [R:f, g], 
dB(A; f, g) 
(16) [Rif, g] = f 


where B(A; f, g) is a complex-valued function whose real and 
imaginary parts are of bounded variation over the infinite in- 
terval. It can then be shown that B(A; f, g) =(E()f, g), where 
the transformations E(A) form a resolution of the identity.f 


CoLuMBIA UNIVERSITY 


* The notation used will be that in Stone, Linear Transformations in Hil- 
bert Space, Colloquium Publications of this Society, vol. 15. 

¢ Stone, loc. cit., Chapters 4 and 5. 

¢ Carrying out the details of this would mean following the treatment given 
by Stone except that the considerations of Chapter 5, §2, would be omitted, 
Theorem 5.4 being obtained directly from the theorem of this paper, as just 
explained. This treatment is similar in spirit to those given by Bochner, 
Sitzungsberichte der Preussischen Akademie der Wissenschaften, 1933, pp. 
371-376, and by A. Khintchine, Proceedings of the National Academy of 
Sciences, vol. 19 (1933), pp. 567-573, who also separate the purely analytic 
facts out of certain results in Hilbert space. 
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METRICALLY TRANSITIVE POINT 
TRANSFOR MATIONS* 


BY M. H. MARTIN 
1. Introduction. Let 
@ G) 
(1) & =& Se); 


denote a denumerable set of point transformations in n-dimen- 
sional euclidean space, the transformations of which leave a cer- 
tain p-dimensional region R (region =open, connected 
point set) of this space invariant. The case where R is the entire 
n-dimensional space is not excluded. 

The set of transformations (1) will be said to be metrically 
transitive with respect to R, if the complement set (with respect 
to R) of every non-zero subset of R that is invariant under each 
transformation of the set (1) is a zero set.} If the transformations 
of the set (1) form a group, this group is said to be metrically 
transitive with respect to R. 

If the set (1) consists of a single transformation T and if p=2, 
the above definition is sensibly the same as that given by Birk- 
hoff and Smithf{ for metrically transitive surface transforma- 
tions. If the transformations of the set (1) are composed of the 
iterations of a single transformation T and its inverse T—', to- 
gether with the identity transformation, the transformations of 
the set form an infinite cyclic group which is metrically transi- 
tive with respect to a certain region if, and only if, one of the 
elements of this group, exclusive of the identity transformation, 
is metrically transitive with respect to this region. 


* This paper was written while the author was a National Research Fellow 
at Harvard University, and was subsequently revised. 

{ Non-zero set=a set of positive p-dimensional Lebesgue measure. Zero 
set=a set of zero p-dimensional Lebesgue measure. In this paper the word 
measure refers to Lebesgue measure; the measure of a measurable set S is de- 
noted by mS. 

t G. D. Birkhoff and P. A. Smith, Structure analysis of surface transforma- 
tions, Journal de Mathématiques, vol. 7 (1928), p. 365. 
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The principal result of this paper is that the elliptic modular 
group 

az+ 

yz +6 


(where a, 8, y, and 6 are integers for which a6 —By =1 and §, z 
complex variables) is metrically transitive with respect to the 
real axis. Here n=2, p=1, and R is the real axis. From the 
metrical transitivity of this group there follow several results 
in regard to: (a) the covering of any given point set on the real 
axis by a denumerable set of point sets,* (b) the distribution of 
equivalent points [that is, points which may be transformed 
into one another by transformations of the group (2)] on the 
real axis, (c) the measure of the sets of Liouville and Hurwitzt 
numbers on the real axis. In conclusion we consider a very 
simple metrically transitive set of point transformations and 
point out an application of our results to a metrically transitive 
system previously considered by Birkhoff and Smith,f and 
others. 


(2) 


2. Metrical Transitivity With Respect to the Real Axis. In order 
to demonstrate that the group (2) is metrically transitive with 
respect to the real axis, it is convenient to consider directly the 
group of transformations 


ax+B 
ye +3. 


(where a, B, y, and 6 are integers for which ai —By =1 and &, x 
are real variables) of the real axis into itself, induced on it by the 
group (2). Let S be any non-zero set on the x-axis invariant 
under all the transformations of the group (3). Since this group 
contains the translations £=x+m, (n=0, 1, - - - ), the comple- 


(3) 


* For other results in this connection see H. Rademacher, Eineindeutige 
Abbildungen und Messbarkeit, Monatshefte fiir Mathematik und Physik, vol. 
27 (1916), pp. 184-195. 

¢ A number is said to be a Hurwitz number if its development into a regular 
continued fraction is a Hurwitz continued fraction. See O. Perron, Die Lehre 
von den Kettenbriichen, 1913, pp. 126-127. 

t Loc. cit., p. 368. See also G. D. Birkhoff, Probability and physical systems, 
this Bulletin, vol. 38 (1932), p. 371. 
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mentary set of S on the x-axis may be shown to be a zero set 
by demonstrating that the part S,; of S contained in the unit 
interval 0<x<1 necessarily has measure 1; and it is to the 
proof of this fact that we now turn. 


3. Measure of S, on the Unit Interval. Let &, be any irrational 
number in the unit interval 0<t<1 and denote by [0, pi, 
po, ---, Pi +--+ | its development into an unending regular 
continued fraction.* We consider the subintervals J“ of the 
unit interval 0 <<1 defined by 


(4) [0, pi, pe, » Pen] < [0, pi, pe, Pan, 1], 

(n = 
each of which contains the point £:. From the theory of con- 
tinued fractions it is known that these intervals are the trans- 


forms of the unit interval 0<x<1 by the transformations 


¢= (0, pe, Pon; 1:x], or 
Pon: % + Poni + Pon 


(5) = » (n=1,2,---), 
Qon: % + + Qon 
and hence are identical with the intervals 
Pon Pen Pon 
Qen Qen-1 + Qon 


Here Peni, Pen, Qen—1, and Qe, are positive integers calculated 
from the recursion formulas 


Pe = 0, Pi = 1,---, Py = 
Qo 1,Q: *** = + Q;-2, G 2, 3, , 2m). 
They satisfy the following inequalities: 


(6) (a) Pon-102n PonQen-1 = 1; (b) = 2n; (c) Qeon—2 Qen; 


(n = 1,2,---). 
Hence the lengths mI of the intervals J™ are given by 
Qen—1 + Qon Qen Qon(Qen-1 + Qon) 2n 


* For the notation and properties of continued fractions used in this paper, 
see O. Perron, op. cit. 


| 

| 
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From (6a) it follows that the transformations T“™ in (5) belong 
to the group (3). Since the transformation T™ transforms the 
unit interval 0<x <1 into the interval J‘, and, since £; is con- 
tained in each of the intervals J, it follows from (7) that the 
unit interval 0<x<1 is transformed by the transformations 
T™ into a sequence {J} of intervals closing down on £;. 

We observe that the transformation JT“ can be written in the 
form 


P. 2n 
Qen 


(8) T); + (n 1, 2, ), 
0 


where 
(9) (Qen—1¥ + Qen)~? > 0, (0 1s” = i. 2 ose 


From (6a) we conclude that ¢,(x) is continuous in this interval 
and hence summable in any subinterval of it. The transforma- 
tion JT“ is therefore an absolutely continuous function of x in 
the interval 0<x<1 and any zero set in the interval 0<x<1 
is accordingly transformed by it into a zero set* in the inter- 
val 

The set S; (see §2) is contained in a set 5S, which is the inner 
limiting set of a monotone decreasing sequence of sets of non- 
overlapping intervals, such that mS,=mS;. If we denote by = 
and » the sets in the interval J™ into which T™ transforms 
S; and Si, respectively, we havet 


1 
(10) mz” = ff = f I(x)on(x)dx, 
where f(x) is the characteristic function of the set 5. Since ¢n(x) 
is continuous and f(x) a summable function that is 20 in the 


interval 0<x<1, we may apply the first mean value theorem 
to obtain 


1 1 


* See, for example, C. Carathéodory, Vorlesungen iiber Reelle Funktionen, 
1927, p. 583. 

¢ See, for example, E.W. Hobson, The Theory of Functions of a Real Vari- 
able, vol. 1, 1921, p. 593. 


i 
| 
‘ 
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(0 < x, = 1). Now the set S is invariant with respect to the 
group (3) and hence invariant with respect to the transform- 
ations 7‘. Accordingly i’ cS; and the density of S; in the 
interval J‘ is therefore not less than the density of = in this 
interval. From (7), (9), (10) and (11) we have then 


mI™)-S, > m2 Qn) 


where 0 = Q2,_-1/Qen. From (6c) we obtain 0<@ <1, and therefore 
from (12), and our hypothesis mS,>0, there results 


(12) 


1) 


mI™-S; 


(13) lim = lim 

mI) no 
From (13) it follows that, if the metrical density of S, exists 
at the point &, it is positive. Since £, is any irrational point of 
the interval 0 <é <1, the metrical density of S; is either positive 
or non-existent on the set of irrational points in this interval. 
However, from the theorem of Lebesguef on the metrical den- 
sity of measurable sets, we know that the metrical density of S; 
exists, and is equal to unity at all points of S:, with the possible 
exception of a component which is a zero set, and is zero at all 
points of the complement of S; with respect to the interval 
0<£<1, with the possible exception of the points of a com- 
ponent which is a zero set. Therefore mS,=1, which was to be 
proved. 


4. Conclusions. From the metrical transitivity of the group (2) 
with respect to the real axis we are able to draw several obvious 
conclusions. The first result is that every point set on the real 
axis may be covered, with the possible exception of the points 
of a component which is a zero set, by a denumerable set of 
linear sets obtained from any previously given point set of posi- 
tive measure on the real axis by means of the transformations 
of the group (2). In order to demonstrate this let S, be any set 
of positive measure on the real axis and denote by S;, (¢=1, 
2,---), the sets obtained from S, by the transformations of the 
group (2). The set M=}>°i2.1S; is obviously invariant under the 
transformations of the group (2). Since it is of positive measure, 


ft See, for example, E. W. Hobson. op. cit., p. 181. 
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and the group (2) is metrically transitive with respect to the 
real axis, its complementary set is a zero set. Consequently M 
must cover any set up to a component of measure zero. This 
last result is very closely related to a result of Rademacher* 
obtained by use of the covering theorem of Vitali. 

Another result is that any set of positive measure on the real 
axis necessarily contains equivalent points. For, if a set of posi- 
tive measure exists which contains no equivalent points, it may 
be divided into two sets, each of positive measure, such that no 
point of one is equivalent to any point of the other. A set M, 
constructed from one of these sets as was the set M above, 
would, however, cover the other up to the points of a zero set, 
thus leading to a contradiction. 

Finally, we observe that, since the sets of Liouville and 
Hurwitz numbers on the real axis are invariantt under the 
transformations of the group (2), either they, or their comple- 
mentary sets with respect to the real axis, are zero sets. 


5. An Example. A simple example of a set of point transforma- 
tions which is metrically transitive with respect to a region R 
is obtained when the transformations of the set (1) are the 
translations 


(14) é=2+4;, Gj =1,2,---), 
for which 
(15) lim a; = 0. 


Here n= p=1 and R is the x-axis (that is, the entire 1-dimen- 
sional euclidean space). In order to demonstrate the metrical 
transitivity of (14) with respect to the x-axis, let S be any meas- 
urable set invariant under all the transformations of the set (14). 
Because of (15), the set S is certainly invariant under the trans- 
formations of a subset of (14), namely, 


é=x+a;, (Gj = 1,2,---), 


in which lim;.,.a;=0 and a;>a; if i<j. Starting from any point 
of the x-axis we lay off upon it a denumerable set of intervals, 


* J. Rademacher, loc. cit. 
t O. Perron, op. cit., p. 127 and p. 141. 
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each of length a; and possessing only their end points in com- 
mon with one another, which cover the entire x-axis without 
lacunae. The density of the set S is obviously the same in each 
of these intervals and consequently the same in any finite seg- 
ment of the x-axis whose end points coincide with end points 
of these intervals. This process is then repeated for intervals of 
length ae, of length a3, etc. One obtains in this manner succes- 
sive subdivisions of the x-axis into intervals, the lengths of 
which are arbitrarily small and in each of which the set S pos- 
sesses, for any given subdivision, the same density. Let J; and J 
be any two intervals of the x-axis and let J;(a;) and J2(a;) de- 
note the two subintervals of J; and Je, respectively, which are 
built up from all those intervals of the kth subdivision that are 
entirely contained in J; and Jz. Obviously =mh, 
and lim,..,.mJe(a.) =mI2. Since the density of the set S is the 
same in the two intervals I;(a;) and J2(a;x) for any value of , 
it is the same in the two intervals J; and J2. Since J; and J2 were 
arbitrary intervals, the set S is of homogeneous density and 
either it or its complementary set is of measure zero.* 

In the metrically transitive system considered by Birkhoff 
and Smith it is shownt by a Fourier analysis that if @ and 6 are 
angular variables of period 1, the transformation 


(16) 6=0+a, (@ irrational), 


of the periphery of a circle into itself, is metrically transitive. 
The same result follows by means of the methods of this section, 
since (16) is metrically transitive, if the set of transformations 


na — [nal], = 1,2,---), 
(where [na] is the greatest integer, in absolute value, for which 
| [na] | | ) of the x-axis into itself, is metrically transitive 


with respect to the x-axis. That this is actually so is seen by 
putting a;=ja— [ja] in (14) and observing that (15) is fulfilled. 


Trinity COLLEGE 


* E. Jacobsthal and K. Knopp, Bemerkungen iiber die Struktur linearer 
Punktmengen, Sitzungsberichte der Berliner Mathematischen Gesellschaft, 
No. 129 (1915), p. 122. 

¢ G. D. Birkhoff, Probability and physical systems, loc. cit. 
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ON THE LATTICE THEORY OF IDEALS{ 
BY GARRETT BIRKHOFF 


1. Outline. The ideals of any ring define, relative to g.c.f. and 
l.c.m., a combinatorial system having properties which we shall 
presently define as characterizing B-lattices. 

In this article we shall first develop some new properties of 
B-lattices as abstract systems; the main results of this part of 
the work find expression in Theorems 1—5. Then we shall apply 
this theory and some older results to the ideals of commutative 
rings R which possess a principal unit / and satisfy the Basis 
Theorem. In addition to developing the known theory of einartig 
ideals by combinatory methods, we give a necessary and suffi- 
cient condition that the B-lattice defined by the ideals of R 
should be isomorphic with a ring of point sets in the sense of 
Hausdorff.t 


2. Notation; Lattice Algebras. We shall in general use capital 
letters to denote systems, and small letters for elements. a€ A 
will mean “a is an element of the system A”; BCA will mean 
“be B implies bE A”; B<A will mean Bc A but BHA. 

By a lattice algebra will be meant any system L which satisfies 
the following postulates: 


(L1). Any a€L and DEL determine a unique “join” anbe L 
and a unique “meet” (a, b)E L. 

(L2). aN b=b Na and (a, 6) =(b, a) for any aE L and bE L. 

(L3). aN (6NMc)=(aNb) Ne and (a, (0, c)) =((a, b), c) for any 
aEL,beL,andceL. 

(L4). aNn(a, b) =a and (a, aNb) =a for any aE L and bE L. 


From (L1)-(L4) follow aNa=(a, a)=a. Moreoveranb=bis 
equivalent to (a, b) =a; in this case we write a cb or b> a, and 
acb taken with ) cc implies acc. Moreover, a<b means acb 
but a+b, while “b covers a” means a<b, but that no xEL 
satisfies a<x<b. 

The reader may find it helpful to regard lattices as distorted 


t Presented to the Society, March 30, 1934. 
}{ Hausdorff, Mengenlehre, 1927, p. 77. 
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Boolean algebras in which a Nb is substituted for a+), and (a, b) 
for a-b. 
The following additional conditions are optional: 


(LS). If acc, then aN (b, c)=(aNnsd, c). 
(L6). (a4,6Mc)=(a, b) N (a,c) for anyaEL, bEL, and ce L. 


If a lattice satisfies (L5), it is called a B-lattice; if it satisfies 
(L6), it is called a C-lattice. Any C-lattice is a B-lattice, and 
also satisfies aN (b, c)=(aNb, afc). 


3. Subdirect Decomposition. We shall consider in §§3-4 only 
lattices L which have a “largest” element j satisfying a Nj =j for 
every a€ L; such is always the case in applications. 

We shall say that aE L and bE L are coprime if and only if 
aNb=j. We shall say that two sublatticesf A cL and BcL are 
coprime if and only if aE A and b€ Bimply anb=j. We shall 
say that the sublattices of a finite or transfinite§ sequence of 
sublattices L, ---,A,¢L are strongly coprime if and only 
if every A; is coprime with the sublattice generated by|| the 
other sublattices of the sequence. 

Let Bi, - - - , B, be any (finite or transfinite) sequence of lat- 
tices, whose largest elements are ji, - - - , jn. By an f-type vector 
[b:, - - - , B,), we mean one in which b;=j; except for 
a finite set of subscripts 7. By the subdirect product Bit - - - £B, 
= B* of the B; is meant the lattice whose elements are the 
f-type vectors just defined, and such that by definition 


B* is evidently a lattice with largest element [j:, ---, jn]. 
Further, if B* denotes the sublattice of elements of the form 
lit, bi, jn] of B*, then B¥ is isomorphic 
with B;, the lattices B*, ---, B,* are strongly coprime, and 
any element of B* can be expressed as the meet of a finite num- 


t In fact, if the number of elements of L is finite, this follows from (L1)- 
(L3.) 

tA sublattice A of L is any subsystem such that a€ A and a’ EA imply 
ana’€A and (a, a’)EA. 

§ That is, in which the subscripts run through transfinite ordinals. 

|| By the “sublattice generated by” is meant the least sublattice containing. 
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ber of elements in the various B¥. Finally, if the B; are B-lat- 
tices, then sof is B*. 

Conversely, let B be any B-lattice, and let B;, ---, B, be 
any finite or transfinite sequence of strongly coprime sub- 
lattices of B such that any b€ B can be expressed as the meet 
(b;,, - - - , b;,) of a finite number of b;,€ B;,. 

For any b€ B and b’E€ B we can evidently so reorder the B; 
that b=(b,---, bm), b'=(b{,---, bn), and bNb’=b"”’ 
where b,EB;, b/ EB;, b/’ and m is 
finite. But by (L2)—(L3), we have 


b’) ((b1, bm), bm ))=((b1, bi), (bm, bus ))- 
Further if we set a;=(b;, b/, b/’), then 
a;nb”’ = a;nbna;nd’ = a;n(b,, bm) (bi, 


whence by (L5), setting c;=(bi, Di-1, Diss, ---, Dm), and 
c/ and c/’ equal to the corresponding dashed expressions, we have 


(a;Nc?', bi’) = (a;Nci, b;) n (a;Nc/, b/), 


whence, by strong coprimeness, after reduction, b/’ =b;Nb/. 

That is, B is a homeomorphic image of the subdirect product 
Bt=B,i---#£B,. But if b;=b/, and b* in B* is the image of 
(b;, b/) of B;, then b* n b, | =b;~b/ = n [by b, 
whence, by (L1), [b:, [b/,---,5, ], and the home- 
omorphism is an isomorphism. In summary, we have proved the 
following theorem. 


THEOREM 1. A given B-lattice B (with largest element) is iso- 
morphic with the subdirect product BY - - - B,* (B* any B-lattice 
with largest element) if and only if B contains strongly coprime 
sublattices B,, - - - , B, respectively isomorphic with - - -, B,* 
such that any bE B can be expressed as a meet (b;,,---, Bi,), 
where m ts finite and b;,€ Bi,. 

Notice that if 7 is finite, then a subdirect product is a direct 
product; while if » =2, then strong coprimeness is equivalent to 
coprimeness. 

4. Uniqueness Theory. Let L be any lattice (with a largest 
element), and suppose that L is isomorphic with two subdirect 
products Ait ---#A,,and Bit - - - £B,. We know by the sec- 


t The identical relations (L2)-(L5) can be checked seriatim. 
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ond paragraph of § 3, how to identify the A; (and B;) with 
strongly coprime sublattices of L in such a way that any element 
of L can be represented as the meet of a finite number of elements 
of the various A; (or B;). The reader can easily check the state- 
ment that, since (a;, a;) =b:, (6.€ B;), if and only if a;E B, and 
a;€ B,, each B; is the subdirect product of its intersections with 
the various A;; this proves the following statement. 


THEOREM 2. If L=Ai%---4Am=B,& - - - &B, is any lat- 
tice,t then eee where A;=F; 14% LF; and 


Coro.uary 1. A lattice has at most one expression as a subdirect 
product of factors not themselves subdirect products. 


COROLLARY 2. A finite lattice has a unique expression as the 
direct product of lattices not themselves direct products of lattices 
with fewer elements. The factors of any expression of the lattice as 
a direct product are direct products of the factors of this special de- 
com position into prime factors. 


These corollaries are of extremely general application.{ We 
now assume in addition that L satisfies the following postulate. 


(@) Any sequence 4, dz, a3, -- - of elements of L, such that 
a; <@x41 for every , is finite. 
Well-order the expressions L=L,‘z - - - #L,* of L as a sub- 


direct product, and apply Theorem 2 iteratedly. If we concen- 
trate our attention on the corresponding well-ordered set of 
meets - - - , =a@ representing a fixed a€ L (each ly- 
ing in just one of the L;/ for each 71, by Theorem 2), we see 
that the expression (a;‘, - - - , da,;') undergoes§ in virtue of (#) 
at most a finite number of transmutations. Hence we can pro- 
ceed through limit-numbers, and, by transfinite induction, we 
have the following result. 


t By definition of subdirect product, either m=n=1 and the theorem is 
trivial, or the A;, B;, and L have largest elements. 

t See Theorem 3.1 of the author’s paper On the combination of subalgebras, 
Proceedings of the Cambridge Philosophical Society, vol. 29 (1933), pp.441-464. 
This article will be cited in future references as “Subalgebras.” 

§ Each transmutation replaces an a,* by the meet of ay**!>a,* and 
aye 
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THEOREM 3. A lattice satisfying () has one and only one ex- 
pression as a subdirect product of factors not themselves subdirect 
products. 


Theorem 3 can evidently be applied to the ideals in rings 
which satisfy the ideal-chain theorem. 


5. Standard Exceptions to (L6). Let B be any B-lattice, sup- 
pose gi, g2, and g; to be any three elements of B, and refer to 
Tables I-III of “Subalgebras”—only replacing A;, B:, M:, Ni, 
Cz. F;, and H; by ai, b;, Ni, Ci, fi; and hi. 

Suppose c;=c; for some 14#j. Then a=(c;, c;)=c,Nc;=b, 
whence (gj, = (g1, he, hs) = (g1, fi M fo M fs) = (foM fs) M (g1, fr) 
[by (L5) which is to say, (g1, M gs) = (gi, ge) 
N (g1, gs). If therefore (L6) is violated at all, we must have some 
instance where the c; are all distinct, yet (c;, cj) =a and ¢;Nc;=b 
for whence (¢1, ¥ G2) cz). This proves the fol- 
lowing fact. 


THEOREM 4. Jf a B-lattice is not a C-lattice, it contains a sub- 
lattice of order five and fixed structure not a C-lattice. 


Combining Theorem 4 with the result, due to Dedekind,t 
that any lattice not a B-lattice contains a sublattice of order 
five and fixed structure not a B-lattice, we get the following 
result. 


Coro.iary. [f a lattice is not a C-lattice, it contains a sublat- 
tice of order five which is not a C-lattice. 


6. Specialization by Induction. Suppose B of §5 satisfies condi- 
tion (#) of §4, and consider the exception referred to in Theorem 
4. We can by (¢) choose ci > q covered by b (see §2). Theorems 
8.1 and 9.1 of “Subalgebras” show us successively that cz; covers 
(ci*, cz), covers c# N (c*, cz), hence c* and both 
cover a* = Similarly b=c3Mc# covers c#* =c3N (c¥*, c#*), 
and, since c#>a*, (ci#*, c#)=(c#, c#)=a*. This proves the 
following theorem. 


TuEoreEM 5. If B is any B-lattice satisfying (), then either B 
is a C-lattice or we can find a sublattice of B consisting of a least 
element a*, c*# ~c# covering a*, and b=c#* N c# 


t Gesammelte Werke, 1931, vol. II, p. 255. 
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7. Facts about Ideals. Throughout, R will be understood to de- 
note a commutative ring which has a principal unit / and satis- 
fies the Basis Theorem. Our notation will be that of van der 
Waerdenf except that we shall denote by (A, B) the l.c.m., and 
by A NB the g.c.f., of any two given ideals A and B. This is the 
inverse of van der Waerden’s notation. 

The following are either known or immediate corollaries of 
known results: 


(1). The only ideals in Rare Rand 0 if, and only if, Ris a field. 

(2). If I is a largest ideal in R, then 0:1 is a least ideal if and 
only if it is a principal ideal. 

(3). Any ideal I covered by R is a prime ideal. 


8. Application of Theorem 1. On the basis of Theorem 1, it is 
possible to reconstruct the combinatorial theory of an important 
class of ideals. 

By an ideal of genus i will be meant any ideal J which con- 
tains an appropriate finite product Py" - - - P."* (where P; de- 
notes any ideal covered by R). We shall prove the following re- 
sult. 


THEOREM 6. The ideals of genus 1 in Rare a B-lattice, which is 
the subdirect product of the sublattices $1, B2, Bs, - - - of the pri- 
mary ideals under the ideals P;, P2, Ps, - + - covered by R. 


That they are a lattice of which the {; are sublattices is obvi- 
ous, while that they are a B-lattice follows from Theorem 27.1 
of “Subalgebras.” 

But the are strongly coprime, since if - - - , Om satisfy 
the relation Q.¢ P;for every k, and Qis primary under P;, then 
Qn(Q,, ---, Qm)=R, being contained in no ideal covered by 
R. And by a theorem of E. Noether, any ideal can be expressed 
as the meet of a finite number of primary ideals. Theorem 6 is 
now merely a translation of Theorem 1 in terms of ideals. 

9. Application of Theorem 5. It is not difficult to show from 
known results the following theorem. 


THEOREM 7. If R contains a largest ideal I, and another ideal 
A cI for which (A:I)/A is not a principal ideal, then the ideals 
of R are not a C-lattice. 


t Moderne Algebra, 1930-31; especially vol. 2, Chap 12, in which will be 
found the Basis and Ideal-chain Theorems. 


— 
— 
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For since /, commutativity, and the Basis Theorem are pre- 
served under homeomorphism, we can assume A =0; while by 
(2) we can assume (0:/) is not a least ideal. 

By the Ideal-chain Theorem we can further choose a largest 
subideal J>0 in 0:7, and then x& J, y€ Rx satisfying ye J, 
and w=x-+y. But a second homeomorphism permits us to as- 
sume (Rx, Ry) =0, yet x~0, y¥0. This makes it obvious that 
(Rx, Ry) N Rw¥(RxN Rw, Ry N Rw) Ax. 

Conversely, suppose the ideals of R are not a C-lattice. By 
Theorem 5, R has a homeomorphic image R* which contains 
three least ideals A# such that ANB=BNC=CNA. 

Consider R*/(0:A); it is a field, whence, by (1), 0:A, and 
similarly 0:B and 0:C, are largest idealst in R. For if ra+0 
[ae A,re R*], then rac A generates A; consequently r— exists 
such that r-'va=a and (0: A). 

Again, if O0#bE€ BcANC, then b=a+<¢, where (since a=0 or 
b=0 would imply B=C or B=A) a+0, c¥0. And since 
(A, C)=0, 0=rb=r(a+c)=ra+rc implies ra=rc=0. Conse- 
quently 0:B¢(0:A, 0:C), and 0:A4=0:B=0:C=I, where I isa 
largest ideal in R*, yet, by (2), 0:7 is not a principal ideal in R*. 
Referring back to the corresponding ideals in R, we see that R 
does not satisfy the conclusions of Theorem 7. 

We can combine Theorem 7, its converse, and Theorem 25.2 
of “Subalgebras” in the following theorem. 


THEOREM 8. For the ideals of R to be isomorphic (with respect 
to l.c.m. and g.c.f.) with a system of point sets (with respect to sum 
and product), it is necessary and sufficient that if I is any largest 
ideal in R, and AcI another ideal, then (A:I)/A is a principal 
ideal in R/A. 


It is a corollary that the identity A:(A:Q)=(QN A) upon 
ideals is a sufficient condition for distributive combination. 


HARVARD UNIVERSITY 


¢ R=0:A is of course excluded since / ¢ 0:A. 
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A METRICAL PROPERTY OF POINT-SET 
TRANSFOR MATIONS* 


BY DEANE MONTGOMERY 


It is the purpose of this note to prove a theorem concerning 
distances between points of a metric spacef under transforma- 
tions of the space into itself. The distance between two points 
p and q of a metric space is denoted by d(p, g). The point into 
which a point p is taken by applications of a transformation 
T is denoted by pz, that is, T takes p to pi, p: to p2, and so on. 
If d(p, q) is less than, greater than, or equal to d(f;, qi), T is 
said, respectively, to increase, decrease, or to leave invariant the 
distance between p and g. The theorem of this note shows that 
any continuous transformation of a suitably restricted metric 
space into itself leaves invariant the distance between some two 
distinct points of the space. In particular, it follows from the 
theorem that any continuous transformation of a closed or open 
n-sphere into itself leaves the distance between two distinct 
points of the sphere invariant. The theorem also applies to 
spherical surfaces. 

It should be observed that in the following lemma the trans- 
formation is not assumed to be continuous as it is in the the- 
orem. In both cases the phrase “into itself” means that the space 
goes into the whole of itself and not into a proper subset of it- 
self. 


Lemma. If E is a conditionally compact metric space and if T 
is any one-to-one transformation of E into itself which increases 
the distance between two points of E, then T must also decrease the 
distance between two points of E. 


Let p and g be two points of E whose distance is increased 
by T, that is, d(p, g) <d(f1, q:1). The proof will be made by con- 
tradiction. Suppose that the lemma is false and that, for every 
two points x and y of E, we have d(x, y) Sd(x, 41). 


* Presented to the Society, March 30, 1934. 

National Research Fellow. 

t For definitions of metric spaces and terms concerning them see Haus- 
dorff, Mengenlehre, 1927. 
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Assume first that neither p nor g is a periodic point of the 
transformation. Since E is conditionally compact, the sequence 
(p, pi, po, - ) must have a subsequence (f:,, pi,, Pe, ) 
which satisfies the Cauchy convergence criterion. The sequence 
(is ) Must have a subsequence (gn,, ) 
which satisfies the Cauchy convergence criterion. Since 
(m1, M2, M3, ) is a subsequence of (f1, po, -- - ), the se- 
quence (p,,, Pny * ) also satisfies the convergence cri- 
terion. Therefore, for any positive number ¢ there is an N such 
that for and 1;>WN, 


pn;) <e«, and <e. 


Choose n; and n; so that »;>mn;. Then according to the suppo- 
sition that the lemma is false and to the above inequalities, 


d(p, Pnj-n;) = Pn;) <6 
and 
d(q, qn;—n;) qn;) <e. 


Let 2;—n; be denoted by 7. It can be seen that there is a se- 
quence 72, 73, - - - ) such that (,,, ~,,, pr, ) converges 
to p and (q;,, Gr. Gry converges to g. Hence for any e, the 
integer i may be so chosen that | d (Drs, qr;) —d(p, qg)| <e. In 
particular, there is some i such that |d(,,, q,,)—d(p, q)| 
<d(ti, qi) —d(p, gq). This contradicts the fact that d(g,, 
<d(p,;;, 9r;). Therefore the supposition that the lemma was 
false was incorrect and there are two points x and y such that 
d(x, y) >d(x1, y1). 

Consider next the case in which both # and g are periodic, 
p of period m and q of period m. For the product mn, pan=p 
and gmn=qg. Therefore d(pmn, Qmn) =d(p, qi). If the 
distance between no two points is decreased, it follows that 
d(p1, gi) Sd(Pmn, Ymn). Hence the distance between some two 
points must decrease. 

The last case is that in which one of the points, say #, is 
periodic of period m and q is not periodic. The procedure in this 
case is much the same as in the first case. From the sequence 
(qm, 2m, Gsm, Choose a subsequence (qz,, Qty 
satisfying the Cauchy convergence criterion. As before it is 
possible to obtain a sequence (4,,, +) Which converges 


622 DEANE MONTGOMERY [August, 


to g. For all ”, r, is a multiple of m, because r, =k;—k; and k; 
and k; are multiples of m. Therefore for all nu, ~,,=p, and 
d(p,;, Gr;) converges to d(p, g) and a contradiction may be ob- 
tained as before. 


Coro.iary. If E is a conditionally compact metric space and if 
T is a one-to-one transformation of E into itself which does not 
leave all distances invariant, then T must increase at least one 
distance and decrease at least one distance. 


If T increases some distance, the conclusion follows imme- 
diately from the lemma. If T decreases some distance, the 
lemma may be applied to the inverse of T and the conclusion 
obtained in that manner. 

A metric space is said to be arc-wise connected if every two 
points in the space may be joined by a simple arc which lies 
in the space. A simple arc is defined to be any set which is home- 
omorphic to the set of real numbers on the closed interval from 
zero to one. In the following theorem it is assumed that the 
space contains at least two points. 


THEOREM. If E is an arc-wise connected conditionally compact 
metric space and if T is a one-to-one continuous transformation of 
E into itself, then there are two distinct points of E whose distance 
is invariant under T. 


If the distance between every pair of points is invariant, the 
theorem is obviously true. It may therefore be assumed that T 
alters the distance between some pair of points. It follows from 
the corollary that there are two points P and Q such that 
d(P, Q) <d(P;, Q1) and two points R and S such that d(R, S) 
>d(Ri, S:). If P and R are ooincident, Q and S can not be 
coincident, and if Q and Sare coincident, P and R are not coin- 
cident. The notation may be so chosen that it is P and R which 
are not coincident. Then the points Q and S may or may not be 
coincident. There is an arc PR joining P and R and lying in E. 
It is necessary to consider several cases and subcases. 


CasE I. The points Q and S are on PR and are coincident. 
If Q and S are coincident, the two must be distinct from P 
and from R. A homeomorphism may be established between 
PQ and QR in which P corresponds to Q and Q corresponds to 
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R. If x is any point of PQ, its corresponding point on QR is 
denoted by x’. An essential fact is that x and x’ are never 
coincident. Define a real-valued function f(x) for each point x 
of PQ as follows: 


f(x) = d(x, x’) — d(x, x1). 


Since f(P)=d(P, Q)—d(P:, Q:), f(P) is negative. Since 
f(Q) =d(Q, R)—d(Qu, Ri) =d(S, R) —d(Si, Ri), f(Q) is positive. 
The function f(x) is continuous and therefore for some point 
M of PR, f(M) =d(M, M’)—d(M,, My) =0, and M and M’ are 
the two distinct points desired. 


Case II. The points Q and S are on PR and are distinct. 

Assume first that Q coincides with R. Then S can not coincide 
with P. Define a function h(x) for all points x of arc PS in the 
following manner: 


h(x) = d(x, R) — d(x, Ri). 


The function h(x) is continuous and, since h(P) is negative and 
h(S) is positive, there must be some point M on PS such that 
h(M) =0. The points M and R are then the required points. 

If S coincides with P, Q can not coincide with R and the 
procedure is the same as in the situation just completed. 

If neither Q nor S coincides with either R or P, there are 
again two possibilities. As the first possibility assume that S 
separates P and Q on the arc PR. Jn this case a homeomorphism 
may be set up between the arc P'S and the arc QR in which P 
corresponds to Q, S corresponds to R, and in which no two cor- 
responding points coincide. The proof may be completed as in 
Case I by a function f(x) defined on P'S. As the second possibility 
Q may separate P and S on the arc PR. By proceeding with care 
it is also possible in this case to set up a homeomorphism be- 
tween PS and QR in which P corresponds to Q, S corresponds 
to R, and in which no corresponding points coincide. Again the 
proof may be completed by means of a function f(x) defined 
on PS. 


Case III. Either Q or Sis not on PR. 
As there is no difference between the two cases assume that 
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Q is not on PR. If Q and S are coincident, define a function 
h(x) on PR as follows: 


h(x) = d(x, Q) = 


This function is continuous; it is negative at P and positive at 
R and the proof is as before. 

Suppose that Q and S are distinct and denote by QS the 
arc joining Q and S. If QS includes both P and R, the situation 
is essentially the same as that in which the arc PR includes all 
four points. It is therefore assumed that QS does not contain both 
P and R. Consider first the case in which QS does not include R. 
There is then a point A on PR which is not on QS and which is 
such that no point of PR between A and R is on QS. There is a 
point B on QS such that B is not on PR and such that no point 
of QS between Q and B is on PR. If a homeomorphism between 
PR and QS is set up in such a way that P corresponds to Q, 
A to B, and R to S, then no two corresponding points are coin- 
cident. Therefore a function f(x) may be used as in previous 
cases. The points A and B are so chosen that A#R and B¥Q. 

The remaining possibility is that QS does not include P. 
If Sis not on PR, this reduces to the case just considered, where 
the parts played by the various points are interchanged. As- 
sume, then, that Sis on PR. Let K be the first point on QS which 
is a point of PR, the ordering on QS being assumed to begin at 
Q and continue to S. If K and R are coincident, use may be 
made of a homeomorphism between P'S and QK. No two points 
of such a homeomorphism are coincident. If K is not R, form an 
arc C by adding the subarc QK of QS to the subarc KS of PR. 
In the event that K and S are coincident, KS is not a subarc 
but merely a point. This does not alter that which is to follow. 
The arc C joins Q and S, and since C does not contain R, the 
situation is reduced to one already treated. 


HARVARD UNIVERSITY 
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CYCLIC FIELDS OF DEGREE #* OVER F OF 
CHARACTERISTIC 


BY A. A. ALBERT 


1. Introduction. The theory of cyclic fields is a most interest- 
ing chapter in the study of the algebraic extensions of an ab- 
stract field F. When F is a modular field of characteristic 9, 
a prime, particular attention is focussed on the case of cyclic 
fields Z of degree p* over F. Such fields of degree p, p? were 
determined by E. Artin and O. Schreier.{ 

In the present paper I shall give a determination of all cyclic 
fields Z of degree p” over F of characteristic p. 


2. Normed Equations. An equation 
(1) =A+4, (a in F), 


is called a normed equation. If x is any root of (1), then so are 
x+1,x+2,---,x+-—1. Using this fact, Artin-Schreier have 
proved the following lemmas. 


LEMMA 1. A normed equation is either cyclic or has all of its 
roots in F. Every cyclic field of degree p over F may be generated 
by a root of a normed equation. 


Lemma 2. Let F(x) be cyclic of degree p over F, 
(2) x? =x+4, (a inF). 


Then a quantity y of F(x) which is not in F satisfies a normed 
equation if and only if 


(3) y= (k = 1,2,---,p;binF). 


Lema 3. Let c in Z have degree tS p—2 in x. Then there exists 
a quantity g=g(x) in Z such that 


(4) g(x + 1) — g(x) =. 


Moreover, g is uniquely determined up to an additive constant in F. 


* Presented to the Society, March 30, 1934. 
{ Hamburg Abhandlungen, vol. 5 (1926-7), pp. 225-231. 


| 

| 

| 

| 

| 


626 A. A. ALBERT (August, 
By applying Lemmas 1, 2, 3, Artin-Schreier proved the fol- 
lowing fact. 


Lemna 4. Every cyclic field Z of degree p over F is the sub-field 
of cyclic overfields Z2 of degree p* over F. If Z, = F(x1), x1" =x1 +a, 
a, in F, then all such fields Z, are obtained by 


(5) Zz = F(x2), XP = X2 + ae, (a2 in 
where a2 ranges over all solutions of (4) in the case 
(6) = (x, + — 


A generating automorphism S of Zz is given by 


(7) = x, +1, x8 = xe + 

so that 

(8) x8” = + 34+ (41 + +(e +7 
(v = 


and in particular 

As an immediate corollary of (9) we have the following 

lemma. 


Lemna 5. Let Z= Ffx), x» =x-+a, be cyclic of degree p over F. 
Then 


= + (x + 1)?" 


(10) 
+ (4+ p—1)?' = -1. 


3. Generating Automorphisms. Now let Z =Z, be any cyclic 
field of degree p" over F and let S bea generating automorphism 
of the cyclic automorphism group of Z. It is well known that 


where Z; is uniquely determined, is cyclic of degree p‘ over F, 
cyclic of degree p over Z;_1. Moreover the automorphism S$ 
applied in Z; may be taken as generating the automorphism 
group of Z; with 


(12) Q: = 
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as identity automorphism for Z;. In fact Z; is defined as the 
set of all quantities of Z, (and no others) unaltered by the 
automorphism Qj. 

We may consider Z; as cyclic of degree » over Z;_;. Then the 
group of Z; over Z;_; is evidently generated by Q;-1, 


(13) (Qi-1)? = Q:. 

If b; is any quantity of Z;, then we write 

(14) Tz, r(bi) = + + 
We then evidently have 

(15) Tz,\r(bs) = 
where 


is evidently in Z;_;. 
The field Z; is cyclic of degree p over Z;_; so that, by Lemma 
1, 


(17) xP = 45+ di, (a; in 
Moreover, x; is not in Z;;, so that F(x;) is in Z; but not in 
Z;-1. The cyclic field Z;; contains every proper sub-field of Z; 


and hence must contain F(x;), if F(x;) is a proper sub-field of Z;. 
Thus, in fact, we have 


(18) Zi = F(x:). 
We may now prove the following fact. 


6. Let = - - Then is in 
Z; and 


(19) Tz,\r(big1) = (— 


For }; is in Z;; and is unaltered by the automorphism 
Qi-1. Hence Tz,) z, = z,\z,_,(xi? 1). Since Qi_1 is a gener- 
ating automorphism of Z; over Z;_1, some power S; of Qj_1 car- 
ries x; into x;+1. But then Lemma 5 implies Tz,)z, ,(x:?-+) = —1. 
Hence 


(20) = = — Tz,_,1r(0i). 
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By repeated application of this recursion formula, we evidently 
obtain (19). 
Let S be a generating automorphism of Z,. Then 


(x5)? = «5+ aS. 


But evidently x8 is a primitive quantity of Z; of degree p 
over Z;_1, so that, by Lemma 2, 


(21) xS = kx; + bi, (ki = 1; 5; in Z;_1). 
Hence, if m=p", we have =k"x:+bin=x; But then 
=1. Since k;?=k;, we evidently have k"=k;=1. Thus 

(22) x8 = x; + (4 = 1, 
Moreover, 


(x5)? = x? + = +a;+ = +5; 4+ ad, 


(23) aS — a; = b? — J;. 


The automorphism Q;-; is a generating automorphism of 
Z; over Z;_; and replaces x; by x; But 


= = + hi, 
so that 
Tz,_,\r (bi) = 


(24) 
= 


Conversely, let b; satisfy (24), a; be determined by (23), and 
let x;? =x,+4, be irreducible in F. Then Z, = F(x,) is cyclic of 
degree p” over F when Z, is defined by (17), Z;= F(x:), and S 
generates the automorphism group of Z,. For assume this true 
for Z:, Z2,---, and define Z,=Z,_1(x,). The degree of 
Z, over F is then p", for otherwise x, is in Z,1, by Lemma 1, 
and hence (x,)@"'=x,, contrary to (24) and (22). Moreover, 
(22) defines an automorphism S of Z, which has order at least 
p"—!, since S generates the automorphism group of Z,1. But S 
actually has order p*, since Q,1=.S?" alters x,. Hence the 
group of automorphisms of Z, has a cyclic sub-group of order 
p”, the degree of Z,, and Z, is cyclic. It follows that Z, = F(xn). 
We have proved the following result. 
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LemMA 7. Every cyclic field of degree p" over F is generated by a 

quantity x, such that 

(25) = a, a; in = F(xi-1), (¢ = 1,2,---, m), 


and x;? =x,+4a; ts irreducible in F. If S is a generating automor- 
phism of the group of Zn, then 


x8 = + Tz, \r (bisa) = hi, 


26 
( ) (4; 
with 
(27) b? — b; = aS — ai, (j= 2,---,m). 


Conversely, every field Z,, defined by (25), (26), (27) and x19 =x:+a 
trreducible in F, is cyclic of degree p” over F with generating 
automorphism S given by (26). 


Let c; be an arbitrary quantity of Z; and write 
ir=0,1,-°° 
with coefficients \ in F. If Ap_1, p-1,...,.p-1=0, we call c; a non- 
maximal quantity of Z;§ We may prove the following lemma. 


LemMA 8. If b;=(x1%2- - the polynomials 


cia = DP — b; = [(x1 + + a2) + 


— (i= 2,---,™m), 


(28) 


are non-maximal and (27) have solutions a; in Z;_1 which are 
unique up to an arbitrary additive constant in F. Then the a; 
define cyclic fields Z;, (t=2, m), containing where Z; is 
cyclic of degree p* over F. In fact, if c; is any non-maximal quan- 


tity of Z;, there exist solutions d; in Z; of 
c; = dS — d,, dS =d; bi,--- , x + 53), 
(29) (41 + by ) 
(i =1,---,n), 


which are unique up to an additive constant in F. 


For evidently =(—1)‘'=4:40, so that (26)2 are 
satisfied. It is thus sufficient to prove the existence of the a; 
satisfying (27) and hence sufficient to prove the existence and 
uniqueness of solutions of (29) of which (27) is a special case. 


| 
| 
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We know that Lemma 8 is true for m=1, 2* by Lemmas 3, 4. 
Hence assume Lemma 8 true in its entirety for Z of degree 
p, p?, -- - , p*-'. Then, by our assumption (29), there exists a Z; 
of degree p* over F, the equation (29) has a unique solution 
in Z;_;, and we wish to prove (29) also has a unique solution in 
Z; and hence the existence of Z +1. 

Write 


= (A; in Z;-1). 


If \; is a non-maximal quantity of Z;,, then, by our above 
assumption, A; =p 5 (ur in But then 


— = wA(x; + — = +---, 

so that ¢;— — (uix;*) | has degree at most t—1. 

If \, is maximal, then t< p—1 and c; has leading term 

A(x1%2 cee = A+OmF. 
But then ‘+10, 
ING + x,t] = ING + 1) [(x; +b)! 
= 
so that ¢;— { — } has degree at 
most ¢ in x; and non-maximal leading coefficient. A repeated 
application of the above process may evidently be made to ob- 
tain a quantity 6; in Z; such that c;—(85—6,) =7i0,(yio in Zi-1). 
But Yio may be taken non-maximal as above with t=0,#+1=1, 
and hence 
yor G=dS—d, d=8+%. 


Now let c;=d$ —d;=di5 —dip. Then (dio—d;)8 =d —d§ 
=dj—d;. The only quantities of Z; unaltered by S are quanti- 
ties of F. Hence dj—d;=X in F. We have proved Lemma 8. 
We shall now prove our principal theorem. 


THEOREM. Every cyclic field Z, of degree p over F of character- 
istic p is the sub-field of cyclic overfields of degree p". Write 


(30) Z, = F(x), xP = 44+ 4, (a; in F). 


* Note that (28) is true for n=2 by Lemma 3, is vacuous for »=1. Hence 
Zz is defined by Lemma 4. This is the first step in our induction, the case 1=2. 


— 
= 
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Then all such fields Z,, are given by 
(31) Zi = F(x), xP = + ai, in F(x;-1), (i 2, n), 
where a; 1s the unique (up to an arbitrary additive constant in F) 
solution of 


Conversely, all fields defined by (30), (31), (32) with x1? =x1+a1 
irreducible in F are cyclic of degree p" with generating automor- 
phism S given by 


(33) = 1, x8 = + (4 =1,---, m). 


For we have proved that the fields defined above are cyclic, 
in Lemma 8. Assume now, conversely, that Z, is cyclic of 
degree p" over F and that we have proved the above result for 
its subfields Z1,---, Let =x,+d, by Lemma 7 and 
write d, =Bb,+2n, where - - Xi_1)?"1, B is in F, and 
— g, is a non-maximal polynomial in Z,_;. By Lemma 8, we have 
also 


(32) 


— gn = — In, in 
We then let y, =x, +h,, so that 
= X78 + h,§ = Xn + Bb, + Bn + hy, -+ Bb,. 


Moreover, Z, = F(x,) = F(yn), since it is evident that y, gener- 
ates Z,1(xn) over Z,_; and hence also F(x,), by Lemma 7 (in 
which we proved Z,_1(x,) = F(x,)). 

But now we have shown that we may take d, =8b, without 
loss of generality. Since 

Tz,_,\r(dn) = BTz,_,\r(bn) (- 1)""18 = kn, 
= 1,---, 0), 

the quantity 8 is a non-zero integer. There exists an integer y 
such that y8=1 and, if we write z,=yxn, we have 2,°=~yx," 
=(x,+8b,) =2n.+b,. Evidently F(x,) = while z, satisfies 
(33). By Lemma 7, (27), we have also (32) for =n; and we 
have proved the theorem. 
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ON THE EXPANSION COEFFICIENTS OF THE 
FUNCTIONS u/snu AND u?/sn*u fT 


BY R. D. JAMES} 


1. Introduction. It is well known that the elliptic function 
sn(u, k) may be expanded in the form 


sn(u, k) = >> Salk), 
n=0 n! 


where 
[(n—1) /2] 


(1) So(k?) = 0, Si(k?)=1, (n 2 2). 
r=0 

Moreover, s,(27) =0 for all values of r and j, and s,(2j7+1) is an 

integer >0 for 0<r <j. Similarly we have 


u 
(2) sn(1, k) ), 
where one 
Gok?) = 1, = (n 2 1), 
r=0 


with g,(27+1)=0 for all values of r and 7, and g,(2j) +0 for 
0<rsj. In particular 


(3) g0(2) = gi(2) = 1/3. 
Again, 
= 
where 


[n/2] 
=1, Talk) = 
r=0 


with #,(27+1)=0 for all r and j, and #,(2j)~0 for OSrsj. In 
particular, 


(S) to(2) = 2/3, #:(2) = —1/3, to(4) = — = #2(4) = 8/5. 


t Presented to the Society, March 30, 1934. 
t National Research Fellow. 


= 
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The values of s,(), g,(m) and #,(m) for r=0, 1, 2, 3, were given 
without proof by Hermite.f A proof for s,(), for r=0, 1, 2, 3, 
was given by Gruderf but no proof for g,(m) and t,(m). seems to 
have been published. In this paper we shall prove the following 
results: 


(6) go(m) = — in(2" — 2)B,; 
(7) gi(m) = — 2)B, — 1 — (— 1)*); 
(8) éo(m) = — in(m — 1)2"B,; 
(9) t(n) = — 1)2*-°B,; 
(10) #,(2) = 0, 
to(m) = — — 1)((2m — — 2*-8(1 + (— 1))), 


where #2. The B, are the Bernoulli numbers defined by the 
equation 


1 1 oo n 
11 — 
(11) 2 2 z n! 


The proof depends on a number of recursion formulas for the 
Bernoulli numbers and the method may be applied to calculate 
further values of g,(m) and #,(). 


2. Recursion Formulas for the Bernoulli Numbers. To simplify 
the writing of formulas we adopt the notation 


n! 


2.— fete, 
atfan a!B! 
a,B20 


! 
(f(#) + g(*))* = 
a,B20 


and similarly for (f+g+h)" and (f(*)+2(*) +h(#))*. Let 

A, = (n—1)Bn, Jn =2"By Ky = (n — 1)2"By, 
(12) = n(n — 1)2"B,, P, = n(n — 1)(2n — 7)2"B,, 

R, = (2" — 2)B,, U, = (m — 1)(2* — 2)B,, 
= §n(1+(—1)*), W = — + (— 1)*). 


Tt Collected Works, vol. 3, pp. 236-237. 
t Wiener Sitzungsberichte, vol. 126, IIa (1917). 


= 
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The results which we shall require are as follows: 


— (n — 1)By, (n 2), 
1 B+ 
(14) 4(B+ B+ B)* = 2(n — 1)(m — 2)B, + n(n — 1)B,2; 
(16) 2R+R+R)*= (n — 1)(n — 2)R, — n(n — 1)R,-2; 
— (n — 1)Jn, (n 2), 
7 = 
(n = 2); 
(n — 1)B,, (" 2), 
(n — 1)B, +1, (n = 2); 
(19) 6(A + A)* = — (m — 2)(m — 3)A, + n(m — 1)An-2; 
(20) 6(K + K)" = — (nm — 2)(nm — 3)K, + 4n(m — 1)Kn-2; 
(21) 6(A + K)* = — (n — 2)(m — 3)An 


+ n(n — 1)(3-2"-% + 

— 6(R+R+ U)* = 6(K + U)" 

= — (n — 2)(n — 3)U, + n(m — 1)U n-2; 
(K + V)" = n(n — 1)R,-2; 
4n(n — 1)Ky_2, (n # 4), 
4n(n — 1)K,-2 — 192, (n = 4); 
6(K + P)" + 24(M + M)"+ 6(P + K)” 
— (n — 2)(n — 3)P, + 4n(m — 1)Pa-s 
+ 32n(n — 1)M,_2 — 24n(n — 1)Ky-2. 


(22) 
(23) —(R+R+V)" 


(24) { 


(25) 


These formulas are readily proved and in most cases we 
merely indicate the method of proof. 

Proor oF (13). The function x =(u/2) ctn (u/2) satisfies the 
differential equations 


dx 
(26) 4u— = — 4x?+ 4x — wv’, 
du 
dx 
(27) 2u? — — 4u— = 4x3 — 4x + wx. 
du? du 


It follows from (11) and (26) that 
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nu” 
i"B, = — — in(B + 
n=1 (n 1)! 1! 
u” u? 
+ — + 2— 
ano 1! 2! 
Hence 
8B, = — 4(B + B)? + 4B, + 2, 
4nB, = — 4(B + B)" + 4B,, (n ¥ 2), 


which proves (13). The formula (14) follows in the same way 
from (11) and (27). 
PRrooF oF (15). It is known that 


—ucscu= >, —i*R,. 


n=0 1: 


Since u? csc? u=u?+u? ctn? u, we have 


u” 
n=o 1! ! n=o 1! 
+ B)" = — (m — 1)2B,, (n # 2), 
(R+ R= 4 
—2+2(B + B)? = — (2 — 1)2°Bs, (wn = 2). 
PRooF OF (16). The function y =x csc u satisfies the equation 
= 2 = 2 2 


Hence 
— n(n ~ 1)R, + = —2UR+R+ R)* + 
— n(n — 1)R,-2, 


2(R + R+ R)* = (n — 1)(m — 2)R, — n(m — 1)Ry-2. 


ProoF oF (17). In (13) replace B, by 2-"Jn. 
PRrooF oF (18). We have 

1 1 


n=0 n! 


and 
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1 1 1 1 1 
—w#¢ctn —uctnu = 
2 2 4 2 


2 


1 
n=0 n! 


2 2! 
Hence 
(B + B)* = — (m — 1)B,, (n ¥ 2), 
(B+ 
3+ (B+ B) = — — 1)B, +1, (n = 2). 
ProoF oF (19). The function 
1 1 = 
— —u = —i*2-(R+R)*= — — iA, 
4 2 n=0 n! n=0 n! 
satisfies the differential equation 
dz 
u? — 4u— = 62? — 62 — 
du? du 


Hence 
— n(n — 1)A, + 4nA, = 6(A + A)" + 6n — n(m — 1)An-e. 


PRroorF OF (20). In (19) replace A, by 2-*Kn. 
PROOF OF (21). We have 


1 1 u” 
u* csc? => i*(A + K)*, 


n=0 
and 
1 1 1 1 1 
— u‘ csc? — ucse? u = — csc*t — u + — csc? 
4 2 16 4 
u” 1 ynt2 
=>) i"2"A,. 
n=o 1! 
Hence 


6(A + K)" = 6(A + A)" + 3-2*-8n(n — 


PRooF oF (22). The fact that —(R+R+U)*=(K+U)" fol- 
lows from (15). Moreover, U,=K,—2A,n. Hence, from (20), 
(21), and (12), 


= 
= 
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6(K + U)* 


6(K + K)" — 12(A + K)* 
— (n — 2)(n — 3)K, + 4n(m — 1)K,-2 
+ 2(n — 2)(n — 3)A, 
— 2n(m — + 1)A,-2 
= — (m — 2)(m — 3)U, + n(m — 1)U,-2. 
PRrooF OF (23). As before, —-(R+R+V)*=(K+V)*. More- 


over, we have 


u” 1 u” 
usinu = — >, — —n(i*+(— = — — 
n=0 n! 2 n=0 n! 
Hence 
csc? usin u = >), — i(K + 
n=0 ! 
and 
u® csc? usin u = = — 1"R,. 
n=0 n! 


Then we have (K+ V)*=n(n—1)R,-». 
PRroor OF (24). We have 


4u? cos 2u = — >> n(n — 1)2"-1(4" + (— 
n=0 1: 


n=0 n! 
Then 
u” 
csc? u cos 2u = i(K + W)*, 
1: 
and 


4u* csc? u cos 2u = 4u*4 csc? u — 8u4 


ut 
=> — 
19274 4>> 


n=0 7! 


Hence 


= 
= 


638 R. D. JAMES [August, 


4n(n — 1)Ky-2, (n 4), 


in(n 1)Kn2-192, i=). 


ProoF oF (25). Since 
+ 4MaMs + = (a + B)(2a + 28 — 

we have, from (20) and (12), 

6(K + P)" + 24(M + M)" + 6(P + K)" 

= 6n(2n — 7)(K + K)” 

n(2n — 7){ — (n — 2)(n — + 4n(n — 1)Kn-2} 
— (n — 2)(m — 3)P, + 4n(m — 

+ 32n(n — 1)M,-2 — 24n(n — 1)Ky_2. 


3. The Proof of (6) and (7). Since sn(u, 0) =sin u, we have, 
from (2) and (12), 


—go(n) = — — 
n=0 n! n=0 n! 
go(m) = — i"R, = — — 2)B,y. 
Next, the function w=sn(u, k) satisfiest the equations 
dw\? aw 
(=) =(1-—w)(1— Pw’), ——= — (1+ t+ 
du du? 


It follows that £=u/sn(u, k) =u/w satisfies the equation 


(28) — 2u & = 26% — 2§ — (1 + 
du? du 


Hence, from (2), 
n(n — 1)G, — 2nG, = 2G +G6+G)" — 2G, 
— (1 + #)n(n — 1)G,_2, 
2G +G +G)” = (n — 1)(m — 2)G, + (1 + k*)n(n — 1)G,_2, 


At+utv=r 


= (m — 1)(m — 2)g-(m) + — 1)(g-(m — 2) + gr-a(m — 2)). 


¢ Gruder, loc. cit. 


|| 
i 
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When r=1, the last equation becomes 


6(go(*) + go(*) + gi(#))” = (m — 1)(m — 2)gi(m) 


(29) 
+ n(n — 1)(g1(m — 2) + go(m — 2)). 


Now let 
= i"2-4n(2(2"— 2)B, — 1 — (— 1)") = + Ra — Va) 


and consider 6(go(*) +g0(*)+Z)*. By (16), (22), and (23), this 
equals 


in22{6(R + R+ 

= i"2-*{(n — 2)(m — 3)U, — n(n — 
+ 3(m — 1)(m — 2)Ra — 3n(m — 1) + 6n(m — 1)Ry-2$ 
in2-{ (n — 1)(n — 2)(Un + Rn — Vo) 
— n(n — 1)(Un_2 + — Vn—-2) + 4n(n — 1)Rp-2} 
(n — 1)(nm — 2)Z, + n(m — 1)Z,-2 + n(n — 1)go(n — 2). 
This proves that Z, satisfies the recursion formula (29). Since, 
from (3), we have g,(2) =1/3=Zz, it follows that gi(m) =Z, for 


all values of It is readily verified that g,(0) =Z )=g,(1) 
=Z,=0, and this completes the proof. 


4. The Proof of (8), (9), (10). We have 


yn 2 yn 
to(n) = = wos? u = — — i*K,, 

= — = — i*(m — 1)2"B,. 


Next, we havet 


(— = 


v=0 
= — = — 1)2?4B;. 
Since 4,(2j7-+1) = B2;4:=0, this proves (9). Again, the function 
n=u?/sn?(u, k) —k?u?/2 satisfies the equation 


— = — 6n — 2(2 — — 
du 2 


Gruder, loc. cit. 


| 
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Hence, from (4), 
n(n — 1)T, — = 6(T + T)* — 67, 
— 2(2 — k*)n(m —1)Ty-2, (n 4), 
60D + = — 2)(n — 3)t,(n) 


A+u=r 


+ 4n(n — 1)i,(m — 2) — 2n(n — 1)t1(m — 2), (n 4). 
When r=2, the last equation becomes 
6(to(#) + to(#))" + + + + fo(*))” 
(30) = (n — 2)(m — 3)te(m) + 4n(m — 1)te(n — 2) 
— 2n(n — 1)ti(n — 2), (n # 4). 
Let 
H, = — i*n(n — 1)((2m — 7)2*-*B, — 2-81 + (— 1)*)) 
= — i"2-*P, + i"2-7W,, (n 2). 
H, = — #2-*P, — = 0° 


and consider 


6(to(*) + H)* + + t1(#))" + + to(*))” (n 4). 


By (25), (24), and (12), this equals 
in2-6{6(K + P)™ + 24(M + M)"+ 6(P + K)*} 

— + W)" — n(n — 1)Kn2W2} 

= i"2-*{ — (m — 2)(m — 3)P, + 4n(n — 

+ 32n(n — 1)My_2 — 24n(n — 1)K,-2} 

— i"2-712{4n(n — 1)Kn-2 — 8n(n — 1)Kn-2} 

in2-*| — (n — 2)(n — 3)(P, — 2 

+ 4n(n — 1)(Pa_2 — 2-"Wa_2) + 32n(n — 

(n — 2)(m — 3)H, + 4n(m — — 2n(n — 1)ti(m — 2). 
This shows that H, satisfies the recursion formula (30). Since 
(4) =8/5 =H, it follows that 4(n) =H, for all n24. Finally, 


we verify that 4(n) =H,=0 for n=0, 1, 2, 3. This completes 
the proof of (8), (9), and (10). 
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